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LINEAR ALGEBRA 



CHAPTER I. 

Straiglit Xjines in Al^eliraio Expressions* 

1. The author here desires to say to the reader, that though the present chapter 
contains nothing new it is yet of unquestioned importance for a clear understanding of 
the chapters following. 

2. If the lines A B, NO, for example, of a geometric figure are in different direc- 
tions, and if not only their absolute lengths are considered, but their respective directions 
as well, it is evident that, though the lengths of these lines are equal, it cannot be said 
AB=NO. 

3. By the expression AB = NO, in Linear Algebra and in the science of Quaternions 
also, it is understood that the length of AB is equal to that of NO, and also that the 
direction of the line AB is the same as that of NO, that is to say they are either on 
the same straight line or are parallel to each other in the same direction. But in Nu- 
merical Algebra it is the absolute equality of the lengths only of these lines which is 
understood . 

4. In describing a line A B for example, if we say the line A B or simply A B we 
mean the special line AB which has a determined direction and length. If we write the 
line AB, or simply AJB, we mean that the lenght alone is considered. 

Sometimes I shall write N (AB) for AB and N («), for «. I shall also write N* (AB), 
N«(«) for N(AB)xN(AB), N(a)xN(a), or for ABxAB,ax«. In these cases by the letter 
N prefixed to a line will be meant the number of the abstract length of that line. 

5. To represent the different lines of a figure with regard to their directions as well 
as lengths, Greek letters are often employed. For example, if p is put for the line AB, so 
long as the problem is not changed, by this p is understood the line A B which by sup- 
position has a determined length and direction. 

6. It is obvious that the lines AB, BD, having a determined direction and length, 
the line AD will also, necessarily have a determined direction and length; 
and if in departing from the point A after having traced the line A B in 
giving to it its direction and length, we trace BD commencing at B, giving 
to it also its length and direction, the distance from A to D will represent 
the line AD with its special length and direction. 
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7. The operation of tracing the line AB fi'om the point A, and the line BD from the 
point B, and giving to them their respective directions, will be represented by the ex* 
pression A B+B D; and to show that by this operation A D is found, the expression A B-H 
BD=AD will be employed. 

8. If in departing from the point A the lines AB, BD, DH, HN, NO, are succes- 
sively traced in their respective directions, the line joining A to 0, or A 0, will be rep- 
resented by 

A 0=A B+B D+D H-hN 0. 

It is readily seen that after having traced AB, if in place of tracing the other lines in the 
order given, we trace successively a line parallel and equal in length to each one of these 
lines, in their respective directions, in whatever order, we shall still find the same line A O. 
It is needless to say that this manner of representation of straight lines is general. 

9. It is now apparent what in Linear Algebra is meant by A B+B D=A D. If the 
lines AB, BD are found equal in length, it is evident the length of AD will diminish with 
the angle ABD; and finally AD will become zero whenever this angle does; in this case 
the point D coincides with A, and the line BD with B A; for this reason 

AB-hBD = or ABh-BA = 0. 

Thus in the expressions 



AB+BA or BA+AB 

A B and B A neutralize each other; therefore when a line measured in one direction is re- 
presented by a positive symbol, the same line measured in the opposite direction may be 
represented by the same symbol taken negatively, that is 

AB = — BA or BA = — AB, 

hence if the line AB is represented by p, the line B A will be — p. 

10. If AB, DE are on the same right line, and in the same direction, wo 
^ admit, as in Numerical Algebra, that A B is to D E as AB to D^, that is 

AB 
Now if A B = D E, then A B = D E and consequently 




ABh-ED = 0. 



11. If AB, DE are parallel in the same direction, and AB = DE, 
we must admit 

AB=DE. 

For if we take AN, DM on the same right line AD, and AN= DM , 

we admit AN = DM (art. 10), 
but DE compared to DM is situated exactly as AB compared to AN, and this similarity 
of position is so complete that if we know A B from its relation to A N it will be exactly 




— 



as if we knew DE from its relation to DM. Therefore as DM is admitted to be equal to 
AM we have a right to assume that AB equals DE. 



Thus 



AB=DE and AB4-ED = 0. 



And if 



AF = a;. DG 



we shall have 



AF = a;. D G. 



12. It follows that, If a line AB is represented by a a (a being an abstract number, 
a a unit line in the direction A B), any line which is parallel toAB or placed on the same 
line, and in the same direction and has the same length, can be designated also by a a. 
In the case that the second line is in an opposite direction it will be designated by — aa. 

13. We have seen that AB, BD, DH drawn successively in their respec- 
tive directions, the line AH which closes the polygon ABDH can be 
represented by 

AH = AB + BD-f-DH, 

or by designating the units of AB, BD, DH respectively by «, p, y, and their lengths by 
X, y, z, and the line AH, by p, then 

p = a:«-f-2/P + ;3rr. 

14. It is obvious that, if the lines AB, BD, DH are not in the same plane we can 
consider the numbers x, y and z as cartisian coordinates of the point H. 

When the directions OX, OY, OZ are perpendicular one to the other, we shall use 
often i, J, k to designate the linear units which are respectively in the directions OX, OY, 
and OZ; if a?, t/, z represent the rectangular coordinates of a point and p the line which 
joins the origin to this point, we shall have 

pnrxi-f-j/yH-z k. 




ADDlTIOHir. 

13. If we take the lines AB, AC, AD for example, and trace from the 
point B a line equal to AC, and from the end of this a line equal to AD 
\ and designate by AH the side which will close the polygon thus formed, 
the line AH will be called the sum of the lines AB, AG, AD, or 

AH=AB + AC-hAD. 

This operation we define as addition. 

It will also be readily seen that the following operations 

AB + AD + AC, 
AC + AB-i-AD, 



AD-f-AC-f-AB etc. 



— G — 

will give the same result. In the case in which the lines to be added arc in the same 
direction, this operation is reduced to the addition of Numerical Algebra. 



SfJBTRACTIOIV 



16. Is the operation of finding one of two lines, when the other and their sum are 
given. To subtract AD from AB, or to find a line which added to AD will 
produce the Ime AB, it is evident that if we trace from the point B a line equal 
to DA, we shall have the line AN which added to AD will produce AB: 




AN = AB — AD 
AN + AD = AB. 
A few propositions on the employment of lines in Algebraic operations. 

17. In the case that we have 

AB+BDh-DH = AH 
we shall have iiUo 

?ixAB + nXBDH-nxDH = nxAH, 
in designating by n an abstract number. And if we have 

?iXAB4-nXBD-f-nxDH = nxAH 
we shall have 

AB-f-BD + DII = AH. 

In tracing the expressions A B 4- B D 4- DH, and n x A B -+- n X B D + n x D H, the truth of 
the proposition will be manifest. Thus if we designate the lines AB, BD, DH, and HL 
by the Greek letters «, p, y, 5, and if we have, for exemple, 

28a + 2ip + 7r-f-49azz=1/ia). 
We shall have also as in Numerical Algebra 

7 (/iaH-3p-»-Y + 78) = 7. 2(0 
or /|.a4-3P-+-Y-f-75 = 2«. 

18. If the lines a, p have not the same direction, and we designate by a and b two 
abstract numbers, the lines aa, 6p cannot neutralize each other in Algebraic expressions. 
Therefore if as a result of some operation we have, 

a a -f- 6 p := 
we shall conclude that a=:0, A = 0. 
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And again if « and p being in diifferent directions, we have 

we must also have 

(a — A)«-h(6 — Z)p = 0; 
a — fc=0 and b — Z=0. 

19. If a, p, Y are non parallel lines in the same plane, it is always possible to find 
the numerical values of a, 6, c, so that, 

aa + ip-hcY shall = 0. 

For as these «, P, and y are on the same plane, a triangle can be constructed the sides 
of which shall be parallel respectively to «, P, y- Now if the sides of this triangle taken in 
order be 

aa, ftp, CY 
we shall have, by going around the triangle, 

20. If a, p, Y are three lines neither parallel, nor in the same plane, it is impossible 
to find numerical values of a, 6, c, not equad to zero, which shall render aa-f-6p-HCY=0, 
for a« + 6p can be represented by a line in the plane parallel to «, p. Now cy is not in 
that plane, therefore the sum of aa + fcp and cy cannot equal 0. It follows that, if a a -4- 
6p-HCY=0 and «, p, y are not parallel to each other, they are in the same plane. 

21 . There is but one way of making the sum of the multiples of «, p, y equal to 0. 

Let a« + 6p+cY=0 

and also a,ot + fe^p 4- cj = 0. 

By eliminating y we get 

(a c, — c a,) a -4- (6 c, — c 6,) p=0 ; 
but as «, p are in different directions, 

ac, — ca,=0 and 6c, — c6,= 0; 
.V, acpiica and bc,=:cb, 

or a I fc ; c ; : a, : &, : c, , 

so that the second equation is simply a multiple of the first. If we observe that the tri- 
angles which give the different values of a, 6, c, are similar the last proposition will be 
accepted a priori. 

22. If a, p, Y are coinitial coplanar lines, terminating in a straight line, then the 
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same values of a, 6, c which render aa-f-6p-hCY=0 will alfso render a + 6 + c=0. 

Let OA = a, OB = P, OC = y; 

then 

AB = p — a, 

AC = Y — «. 
But A C is a multiple of A B, or 

Y — a = x(p — a)=:ccP — xa; 
aa — « — jrP + Y = 0, 
or (a? — 1)« — a;P4-Y = 0; 

and as in this equation the coefficients of a, p, y are x — 1, — a:, +1 which correspond to 
a, 6, c in the first equation, and as (x — 1) — aj+1=:0, then a-h6 + c=:0. 

22. Conversely, if «, P, y are coinitial, coplanar lines, and if both a«-H&p + cY=0, 
and a-H6H-c=0, then do «, P, y terminate in a straight line. 



For by supposition, 



a-f-fc-hc = 0, 



therefore aY-*-6Y-»-CY=0, 

and by subtraction 

a(Y-«)-H6(Y — P) = 
or (^_a) + ^(Y_p) = 0. 

This shows that y — « is a multiple of y — P and therefore it is in the same straight 
line with it; «, p, y terminate in that straight line. 

23. Examples. 

Ex. 1. In a plane triangle are given one angle, an adjacent side, and the sum of 
the lengths of the other sides, to determine the triangle. 

Let ABD be the given angle, 

AB = b ,, ,, ,, side, 

S MM sum of the lengths of the other two sides. 

8 

If in designating by a and p two unit lines, we represent by a; « the unknown 
side adjacent to the angle B, and by t/p the opposite side to this angle, we shall have 

j/P=6-hx<x 
and S = a? + 2/, 
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by eliminating x 



i/P = 6 + S« — 2/«; 



The last equation furnishes us a method of solution for this problem. ForSa is known, 
and it represents the line B D which has the lengths S, the unit of this line being « ; 
therefore b + S a or AD is known also ; and t/ P -+- 9 « being equal to ft + S « is equal to A D. 
But as a and p are units, AD, j/p andj/« in the expression AD=j/p-Hj/« evidently form 
an isoceles triangle of which A D is the base, and y P, y * the equal sides (in lengths). 
Besides as « is a unit in the direction B D, the side y « must necessarily be in this direc- 
tion. Thus evidently the angle B D A is one of the equal angles of that triangle. Then to 
find the other angle we have only to make an angle DAC equal to the angle BDA and 
thus we shall have C D = y <x and A C =: y P which is the side opposite to the angle A B D 
in the demanded triangle. 

Ex. 2. The difference between the diagonal of a square and one of its sides being given, 
to determine the square. 

Let the difference between the length of the side AB and of the 
diagonal AC be d. 

«, P, Y being three units, we will designate the side AB by ««, the 
side BC by xp and the diagonal AC by yy, we shall now have» 

y Y:=a;«-4-a;p, 




y — aj = rf. 



and from these two equations 



a;(aH-p — Y)z=:dY. 



The units «, p, y in this equation are known, for if we put the unit « on the line 
AK and the unit p, perpendicularly upon a, the unit y will be found on the a + p. 
Therefore if we take AK=a and K/=p and in= — y, we shall have An = «-H^ — y» 
and in taking the length A m equal to the difference d, A m will be = d Yy and consequently 

x» An=Am, 

But as An and km are in the same direction we can say 

x> An=:Am, 



X 



Am 
An 



Therefore it is evident that in joining the points n and K, and tracing the line mB pa- 
rallel to nK we shall have 



Am AB 

•=f=- = -=^ or as AK = 1, 
An AK 



Am 



An 



= AB, 




a;=:AB 

which is the length of the side of the demanded square. 

Ex. 3. The bisectors of the sides of a triangle meet in a point which trisects each 
of them. 

Let the sides of the triangle ABC be bisected in D, E, F and let 
B A E and C D meet in G ; it will be seen that the line D E is parallel 
to A C and that it is the half of it. 

Therefore, 

B 

AG + GC = AC=2(DG-HGE) = 2DG-h2GE; 

(AG — 2GE) + (GC— 2DG) = 0. 

But as AG — 2GE is on the line AE, GC — 2DG on the line CD, their sum cannot b^ 

zero unless each one of them equals zero. 

Consequently, 

AG — 2GE = 0, or AG=2GE, 

and GC — 2DG=0, or GC = 2DG. 

These equations show that EG is a third of E A and DG a third bf DC. 

If now we suppose that the point G is the point where C D and B F meet, in the same 
manner it will be seen that DG is a third of DC, and FG a third of FB, and conse- 
quently the three bisectors must necessarily meet in the same point which separates one 
third of each. 

Ex. h. The middle points of the lines which join the points of bisection of the op- 
posite sides of a quadrilateral, coincide, whether the four sides of the quadrilateral be in 
the same plane or not. 

Let AB = a, AC = p, AD = y, 

X the middle point of EG. 

We have 

AEh-EG=AD + DG, 

l«H-EG=Y + i(?— r); 

EG = YH-l(P-Y)-l* = l(p4-Y-»). 
and as AX=l« + JEG, 




• • 
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which being symmetrical in «, p, y is the same for the line from A to the middle of HF, 
hence the middle points of the lines EG, FH must coincide. 

Being naturally desirous to publish this little work as economically as may prove 
compatible with clearness of statement, I have contented myself with putting into the 
present chapter some readily solved examples only. Should however any one wish further 
illustmtion, he can find very beautiful and sufficiently difficult solutions of a similar 
kind in the second chapter of the Introduction to Quaternions by Kelland and Tait. 
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CHAPTER 11. 



VfUIiTIPIiICATIOM. 



24. One of the various directions will be considered as the principal direction. In 
the following Figure OX is assumed to be such a direction. 




The multiplicalion of one by the other of any two coinitial lines not in the same 
plane with the principal direction, is shown in the following operation. 
Suppose we want to find the product of the line OB by OA. 

1"*. Put upon the direction OB the product of the line OB by the abstract number 
which is the ratio of the line A to its unit ; and suppose this product is O D. 

2"**. Let down a perpendicular from the point D on the plane which passes through 
the principal direction OX and the line OA. 

Let D' be the foot of this perpendicular in the same plane. We thus have a rectan- 
gular triangle whose plane is perpendicular to the indefinite plane XOA, of which DD' 
is the hight; OD' the base, OD the hypothenuse. 

3^. Move this triangle around the point keeping it always perpendicular to the plane 
XOA until its base D', comes on D" which is on the aforesaid plane, and which makes 
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with OX an angle equal to the sum of the angles that OD'andOA, make with the prin- 
cipal direction X. Let D, D" be the hight of this triangle after this operation. 

For definiteness we will admit that the angles which the lines OA and OD' make 
with the principal direction are formed and measured from OX on this side. That is, to 
form these angles with the principal direction, the lines OA andOD' are assumed to have 
made on the indefinite plane X O A a rotation similar to that of the hands of a watch. 

U^. Let us imagine that a plane parallel to the principal direction passes through the 
hight D, D", and that on this plane the line D, D" turns from left to right around the point 
D" also like the hands of a watch as much as the angle D^ D" D, between the new position 
and D" D, shall be equal to the angle A O X that the line A makes with the principal 
direction. 

Now the line 0D„, which joins the point O to the point D^ is the required product 
of OB by OA. 

25. We shall see that the results of this muUiplicaiion have a great analogy with 
the results of ordinary multiplication, which in fact is but a particular case of it. Con- 
sequently we shall use the same signs that are used in Numerical Algebra. Thus in de- 
signating OA, OB, 0D„ respectively by «, p, y, we shall write as in Numerical Algebra 

aXP or «.8 or «P = y- 




26. Had we wished to multiply OA by 
OB we should have had the same operation 
to make which we have just written, with 
this single change, that the plane X B would 
have had to be taken instead of the plane 
X A, and the line A instead of the line B. 



27. It is readily seen that the product of O B by O A is not generally the same as 
the product of AO by OB. Thus we cannot ordinarily say a . p=p . « ; that is the c(ym'' 
mutative law does not ordinarily apply to the factors of a linear product. This law, as we 
shall soon see, is a property of a special case of General Multiplication. 

28. Let D„F be parallel to XO (Fig. art. 24), consequently perpendicular to D,D\ 
It is uselful to know the value of this line D„ F. 

Let us suppose that<p indicates the angle A OX; w, the angle DOD' which is between 
OD and its projection in the plane XOA. Since the angle D,,D''D, is equal to the angle 
A X (art. 24), we have 



but 



therefore 



D,F=:D,D\ Sin ?; 
D,D"=D,D"=DD\ 
D„F=DD'. Sin ?; 
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but DD'rrOD.Sin w = OA.OJB. Sin co, 

consequently 

I)JF = OA . OJB . Sin <p . Sin o>, 

or FD,,=OA . OB . Sin <p . Sin w . ♦, 

% being the unity of length in the principal direction O X. 

29. If the question was of the product B x O A (art. 26), F D,, would have been 
directed in the opposite direction to OX and we would have 

FD,=— OB . OA . Sin * . Sin ^/ . », 

* being the angle BOX; ^^ the angle which is between A and its projection in the 
plane XOB. 

It is easy to see that if 6 indicates the angle which is between the planes XO A, 
XOB, we shall have 

Sin to = Sin ^ . Sin 0, 

Sin ^l^zTSin <p . Sin 0. 

Rttlo of Slgpns. 

30. Algebraists have laboriously attempted to demonstmte that 

aX — &= — aby — aX& = — ab and 

— aX — 6 = 4-afr. 

Nevertheless the demonstrations given in books of Numerical Algebra on this matter are 
not rigorously logical. This need not appear strange. The definitions given for multi- 
plication are much less general than is the idea of a negative quantity. If therefore in 
employing only such definitions as are applicable to abstract numbers, algebraists have 
not succeeded in satisfactorily demonstrating the rules of signs as above stated, it is not 
to be wondered at. 

31. To perceive that, 

«X— P = — «P, — «Xp= — ap, and — aX— P = ap 

we have merely to apply our definition. 

Special oases of ULxiear BCultiplication* 

32. If B (Fig. art. 24) is perpendicular to the plane which passes through X and 
A, the foot D' of the hight DD' and the foot D" of the hight 0,0" will coincide with 
the origin 0; consequently the lines D"D, , D"D,, and OD,, will be found upon the plane 
which passes through OX and OB, and at the same time the lines OD,, and D"D,, will 
coincide with each other. 

In such a case the multiplication of B by A consists in turning upon the plane 




X OB form left to right the line O D, which is the product of B by 
the abstract number of the length of 0A» until the angle D^OB 
shall be equal to the angle A0X=7. OD^ is the required product. 
It is readily seen that in this case, to find the product O B . A, 
it is only necessary to turn D to the opposite side ; the required 
product will be H, if the angle H B = <p. 



33. If the line A is perpendicular to the plane X B at the same time that B 
is perpendicular, as in the preceding case to the plane X A, or in other terms, if the 
lines OA, OB and the principal direction OX (Fig. art. 32) form the three contiguous 
sides of a rectangular parallelopiped, the angle D D«, wiU be a right angle, and con- 
sequently the line D„ which is the product of B by A will be found in the principal 
direction OX. 

If in this case the required product is OB . O A, this production will evidently fall on 
the direction opposite to OX, that is to say on the negative principal direction. 

34. Thus we have this important result, that when OA, OB and the principal di- 
rection are perpendicular to each other, in designating OA by « and OB byP we shall 
have 

ap = — fa or ap-hP« = 0. 

35. Let OA, OB be perpendicular to the principal direction 
OX, without ,that OA be perpendicular to OB; let us in- 
dicate by the angle BOA. In this case the point D' (Fig. Art. 
24) is on the direction A ; D", on the opposite direction of 
X ; D„ , on the direction D" X ; and we shall have 

D;;^=D^o=:qA.ojB.Cos o, 

D"D, = D D'^ = DD' = A . OB . Sin 0; 
consequently 
OAxOB = OD. = D"D. — D"0 




if 



*i 



= 0A . OB . Sin 6 . » — OB . A . Cos 6 . t 
= A . OB . (Sia 6 — Cos 9) . i. 



We shall have also 



0BX0A=— OB . OA. (Sin 9 + Cos 0).t (Art. 26.). 

From these two relations we shall have 

OAxOB — OBxOA=20A.O^.Sin «.»; 

therefore in supposing that OA, OB, be two unities of length carried in the directions 
O A, OB; and in indicating them by p, p, , we shall have 

pp,— p,p = 2 Sin 6 . i. 



A euriotts result. If in the preceding case we have = J , we must have 
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OAXOB=:0, 

a product which is naught when neither of its two factors are not so. 

36. If the lines OA, OB and the principal direction OX (Art. 24) are in the same 
plane, the hight DD' will be reduced to zero, and at the same time the point D„ will 
coincide with the point D", and the line O D,, with the line O D". We thus see that, when 
O A and B and the principal direction are in the same plane, the production O A . O B 
Will also be on the same plane and it will make with the principal direction an angle e- 
qual to the iSum of the angles which OA and OB make with the principal direction. It 
is almost unnecessary to add that the pi'oduct of A by OB is the same as O A . O B . 
Thus in this specified case, we have as in Numerical Algebra ar . p = p.<ir. 

37. Let us designate by <p the angle which a line OA makes with the principal di- 
rection OX, and suppose that a line OB which is found on the same plane as OA and 
OX makes with this OX an angle equal to 2ic-* (p. The production of these OA and OB 
will be found on the principal direction, that is to say, 

OA. OB or OB . OA = OA . OJB . i; 

this is a result of great importance in Linear Algebra. 

38. If the lines O A, B are on the same straight line, and in the same direction, they 
will necessarily be in the same plane as the principal direction, and the angle which their 
production makes with this direction (Aii;. 36) will be the double of the angle which their 
direction makes With the principal direction. And in the same supposition, the production 
of A . OB and of a line OD which has the same direction as A and OB, will be found 
also in the same plane, and will make an angle three times greater than the angle Which 
the directions OA and OB make with the principal direction. The generality of this &ct 
is evident. 

39. It follows from the preceding case that if the direction of these lines A and 
OB is perpendicular to the principal direction, their production will fall on the negatioe 
ptHncipal direction. 

40. The product of a line by itself will be called the square of this line ; the pro- 
duct of the square of a line by the line itself, its cube. It follows from Art. 38 that the 
square, the cube and the other powers of a line A will be found in the same plane, 
as this line A and the principal direction X ; and that the angles which the square, 
the cube and the other powers of this line make with the principal direction will be res- 
pectively twice, thrice and so forth greater than the angle which this line makes with the 
same direction. 

41 . To indicate the different powers of a line we shaU employ the same mode used 
in Numerical Algebra. The square ofOA = (OA)*, the cube ofOA=(OA)*, or the square 
of a=a«, the cube of «=** and so on. 

If $ is a unit perpendicular to the principal direction, and if i is the unit in this di- 
rection (Art. 39) 

8«=— i, 53= — 8, S* = i, 8*z=8, 8« = — t. 

We now know that the angle which a*, for example, makes with the principal di- 
rection is five times greater than the angle that « makes with the same direction. 
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42. It results also from Art. 40 that if the units « and p are in the same plane with 
the principal direction, and that the angle which « makes with this direction is represented 

by 0, the angle which p makes with the same direction by ^, and lastly 5 or - represents 

but the ratio between the number of the degrees of these angles and <p. we shall have 

p=:a^ or «=P?, 
or if = one degree 

p = a^ and aznp^ 

Here <p represents the ratio of the angle <p to an angle of 1 degree which « is supposed to 
make with the principal direction. 

43. If the lines P, S and a unit « are on the same plane as the principal direction, 
and if the angles which these p, 5 and a make with the principal direction are respect- 
ively 0, <p and one degi'ee, and the lengths of p is fc ; that of 5, d; we shall have thus 
(Art. 42) 

p — bofi, ^zndcfl 
p.S or S.p = 6a®Xda^z=6(f«® + ?. 

44. It is scarcely necessary to say that when §•= — t, this B could represent each 
one of the linear units which are perpendicular to the principal direction. If in using the 
sign 1/ we employ {/—% to represent one of these innumerable units, and if we adopt 
again a sign to represent another one, we should be able to represent not only each one 
of these others, but also a linear unit which may be found in any direction. 

45. The unit of the principal direction being t, we shall make use of 1/— i to repre- 
sent the unit of a direction Y which is perpendicular to the principal direction OX, 
and we shall adopt the sign J_ to represent the unit of the direction OZ which is per- 
pendicular to the plane XOY. Thus we can write (Arts. 13, 14.) 

p = a? i -f- y l/HJ-h z J_ . 

We must bear in mind that according to our definition of Multiplication^ 

(l/=r7)»=-<, (±y=-i (Art 41), 

and i/ZTx±=-f-t, J^xl/<=T=— t (Art. 33). 

46. If X=0 then p=2/l/— »+^J- will represent a line perpendicular to the prin- 
cipal direction, and if ;j = 0, then p z=: a; t -4- j/ l/=T will represent a line situated on the 
plane XOY. 

47. If the line A is in the principal direction (Art. 24) the plane XOA will become 
indeterminate. But in taking it in no matter what position, it will be seen that 0D„ will 
always coincide with OD. Therefore in this case OA.OB = OB.OA = OD. 

If follows therefore that if the absolute length of OB = 6, the unit of OB = p, and 
the principal unit=:i 



And 






bp represents p added b times to itself; and bixp or Pxbi, represents p multiplied by 
6 i, or b i multiplied by p. 

48. If OA and OB are both in the principal direction, their product will also be 
found in the principal direction. 



Therefore 



ixi=:i and txixi = i etc. 



49. Hence we see/fliat the unitd and the lines found /Jh the principal direction have 
the same properties il^ the ordinary units and numbenr represented by lines. Besides, 
in the results whichrwe find whether by addition, suMraction or multiplication no abso- 
lute or abstract t^nn enters. Therefore if in our calculations we replace the principal unit 
t by 1 no comnncation or mistake can arise, but^ the contrary a gimt simplicity in 
the calculation/w^ result fi*om it* 

^6? Thus, y/e can write (Art. 45) 



P=a5 + 2/ 1/'— i H- ar J_ ; 



in t] 



case 



and 



(|/iri)^_1, (J_)^=:-1, 



50. To show the manner of linear multiplication of two lines, we have supposed 
them coinitial; nevertheless to apply our definition of multiplication to any two lines 
whatever, it is merely required to add to this definition the following. To multiply a line 
QR by a line MN, it is necessary to trace fi'om the point M a line equal to QR (Arts. 
3, 11) or from the point Q a line equal to MN. The definition will be applied to the line 
M N and to the equal of R Which passes through M or to the line Q R with the equal 
of M N which passes through Q. We can readily convince ourselves that the line which 
represents the production of the line M N by the equal of Q R which passes through M is 
equal (Arts* 3, 11) to the line which represents the production of the equal of MN passing 
through Q by OR. This line will be found equal to the line which will represent the 
production of these lines M N and Q R transposed to any common origin O, without 
changing their respective directions. It is clearly understood that in all of these three mul- 
tiplications the principal directions must be the same. 



Multlplioation of Polynomixiais. 



51. It now remains to be shown that, « and p being transposed to the same origin 
(Art. 50) if in a . p we put «=y-+-5, and p=X-hfx, that is to say, if the lines « and P 
are each the sum of two other lines, we shall have as in numerical algebra 

(y-+-S) . (X + fA) = Y .XH-8.A + Y.(iH-8.(ji. 



52. Let us commence by proving that, 



3 
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OA.OM + OA .ON=:OA .(OM + ON)=OA.OB, 

OB bedng the sum of OM and ON. 

We readily perceive, that after having multiplied OM, ON and OB by the abstract 
number of the length of A, the extremities of these products and the origin O will form 
a parallelogram, as well as the extremities of OM, ON, OB and the origin O. The feet 
of the perpendiculars, let fall according to the definition (Art. 24) on the plane which 
passes through the principal direction and OA, also form with the said origin, a paral- 
lelogram. Thus we are able to show that the extremities of the productions OA , OB, 
A . OM, A . ON, and the origin must form a parallelogram whose diagonal and two 
sides contiguous to the point 0, are respectively OA*OB, OA.OM and O A /O N. Therefore 

0A.0B = 0A.0M4-0A.0N 

or OA.(OM + ON)=OA.OM + OA.ON, 

53* Let us show now that 

OR.OB-hOS.OB = (OR + OS).OB = OA.OB, 




OA being the sum of OR and OS. Liet us suppose for the moment 

• "^ that OR, OS are found in the plane XOA. 

A 

In this case also we shall easily see that the extremities of the products O S . B, 
OA.OB, OR. OB and the origin form a parallelogram, the diagonal of which starting 
from is OA.OB and the two sides starting from the said point are OR . OB, 
OS. OB. Therefore 

OA.OB = OR.OB + OS.OB, 
or (OR + OS).OB = OR. OB + OS.OB. 

54. It results from the preceding two propositions that if O R, OS are found in the 
same plane as the principal direction, we shall have 

(OR-f-OS) (OM + ON) 

= (0R4-0S) OM^-(OR-^OS) ON 

= OR.OM + OS.OM + OR.ON-kOS.ON, 

55. Let A, OB be two lines whatever in the space (Eig, Art. 24) and let us sup- 
pose 

OA=a?iH-j/p, 
OB=:x,i + y,p,, 

p, p, , being two unities of lengths perpendicular to the principal direction, in which the 
unity of length is represented by % (Art. 28); a?, j/, the projections of A on the princi- 
pal direction and on that of p ; a?, , t/, , the projections of O B on the principal direction 
and on that of p. It is evident that p is in the plane X A ; p, , in the plane X B ; 
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and the angle which is between p , % measures the dihedral angle which these two planes 
form. Therefore according to the last proposition we shalle have 

OAxOB = (xi-hyp) (x,*-hy,p,) 

=a;aj,t«-f-j/a;,pi + a?j/,tp,-+-yt/,pp, 

=a;x,*-hya?,p + a:i/,p,H-yy,pp, (Arts. 47,48). 

We shall have also, by multiplying A by OB (Art. 26), 

OBxOA=(x,» + t/,p,) (xt + j/p) 



= x,a?t + y,ajp,-f-a?,yp + j/,yP,p (Arts. 47, 48) , 



consequently 



OAXOB— OBxOA=:yy,(PP. — ftp), 
or OAxOB = OBxOA-f-i/j/,(pp,— p,p). 

Let 6 be the angle which is between p, p, ; ♦, the angle BOX; <p, the angle A X. 
Therefore 

y=:OA,Sin<p, y,=OBSin*, 

and pp. — p,p=2 Sin e . £ (Art. 35), 

consequently 

OAxOB = OBxOA-h20A.OB.Sin*.Sin<p. Sin . i, 

We have already seen that (Arts. 28, 29) 

OA X OB . Sin<p . Sin* . Sine . i=:FD,, 

or by taking GF=FD„ (Fig. Art. 24), 

GD,=20A . OB . Sin4> . Sin^ . SinO . i. 
Therefore 

OAxOB=OBxOAh-GD,. 

56. This last relation shows that to have the product O B x A (Art. 26), we could 
act exactly as if we would want to find A X B (Art. 24) , with the only change that 
instead of turning D"D, from left to right through the angle A OX, it would be necessary 
to turn it from right to left again the angle A OX. Thus we should have 

OG = OBxOA. 

57. Now let A = S + O R, without that OR, OS, be found in the same plane with 
OX. We have already seen that (Art. 52) 

0BX0A = 0BX(0R + 0S) 

= 0B . OR + OB .OS. 
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Let us indicate by » the angle that OA makes by its projection in the plane XOB; 
by fA and v, the angles that R, S, make respectively with their projections in the same 
plane. Therefore (Art. 55) 

OBxOA = OAxOB — 20A .OB.Sina>.Sin ^.i, 

OB X OR=:OR X OB — 20R . OB . SinjA . Sin* . t, 

OBxOS = OSxOB — 20S.0B.Sinv.Sin*.t; 

and by substitution we shall have 

OAxOB or (ORh-OS)xOB 

= 0R. OB-hOS. OB; 

because the perpendiculars running down from A, R, S, to the plane XOB are respectively 

OA • Sin <o, OR. Sin fx, OS . Sm v; 

and by a well-known theorem 

OA Sin w = OR . Sin f*-*- OS . Sin v 

or OA . ^ . Sin * . Sin cd . i 

= OR .OB. Sin * . Sin fA . < •+■ OS . OB . Sin * . Sin V . i. 

58. Let in general 

OA = OR + OS, 

OB=:OM + ON. 
Therefore 

OAx(OM-hON) = OAxOM + OAxON (Art. 52); 

OAxOM+OAxON 

= (OR + OS) OM + (OR + OS) ON 

= OR.OM + OS.OM + OR. ON + OS.ON (Art. 57). 

Therefore, whatever may be the positions of the planes R O S, M N, relating to the prin- 
cipal direction, we shall have as in numerical algebra, 

(OR + OS) (OM + ON) 

= ORxOM4-OSxOM-hORxON + OSxON, 

expression which indicates the manner to multiply a binomial by a binomial. It is easy 
to apply this rule to the multiplication of a polynominal whatever by a polynominal 
whatever. 
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Reverso of BfnltiplioAtion. 

59. We have seen (Fig. Art. 24) that D„ is the product of B by A. Now let 
us suppose that the lines OD^ and OA being given^ we want to find a line which, mul- 
tiplied by OA will produce OD^. This is Reverse ^ Multiplication. The figure of Art. 24 
shows how this inverse operation should be perfomied to find the required factor, which 
in this figure is OB. In some particular cases, for example, in the case where the given 
lines OD,, , OA and the principal direction OX are in the same plane, and the angle XOA 

is equal to —, we shall find by this inverse operation certain different lines, each one 

of which if multiplied by the given factor will produce the given product ; and but one 
of these factors will be in the plane which passes through the principal direction and the 
given multiplier, the others which are innumerable are on another plane which passes 
through the factor which is in the plane of the principal direction and of the given mul- 
tiplier. Consequently, if we have a.p=:«.p, for example, it would not in general be 
correct to conclude that P=P,. 

60. We see that we shall be able to have a relation such as a . p=a . p,, without 
that the equality P=P, may take place. Therefore from the equality 

a . P = « .p, 

we shall have 

a.p— a p,=0 or a (p — pj=0 (Art. 52); 

therefore if p — P,=5, 

« .8 = 0; 
see Art. 35. 

61. When any two points A and B are on a line perpendicular to the principal 
direction, and are on different sides of this direction, and are equidistant from it, we 
shall term A a Conjugate of B and B a conjugate of A. We shall also term any line MN 
the conjugate of the line PQ and vice-versa whenever the point M is the conjugate of the 
point P and the point N of the point Q. In this case the lines MN and PQ will be of 
equal lengths. 

We shall designate the conjugate of a line MN, for exemple, by (MN)' and the con- 
jugates of a, p, 8 etc. by a', p', S' etc. 

62. Conformably to the definition of the addition of two lines (Art. 1 5) we shall have 

«4-a' = 2a . Cos ^ . t, 

<p being the angle which is between a line whatever a and the principal direction. 

63. The product of a line and its conjugate will be on the principal direction. For 
if from the origin which is on the principal direction, we draw two lines respectively 
equal to given line and its conjugate, these two lines will be found in the same plane as 
the principal direction, and if one of them make with this direction, an angle <p, the other 
will make with the same direction an angle 2i« — <p; consequently this product, (Art. 37) 
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will be on the principal direction. The length of this product will be equal to the square 
of the length of the line given . 

64. Thus in designating this line and its conjugate respectively by « and «', and its 
length by «, we shaU have « . «' or a' . «z=:a^ $. 

If we replace i by 1 (Art. 49), 



a a' or *'« = «• . 



65. A theorem verg important. If we represent by «' the conjugate of « ; by P', 
the conjugate of p ; by a and P the lengths of a and p (Art. 4) ; and lastly by 6 the angle 
which is between « and p transferred to the same origin, we shall have 

ap' + pa'=2«p Cose.t. 

For, let OX be the principal direction, OA=ra, OB =p, AB=:8; 0A'=«' and OB'=P'; 
it is evident that A'B'=8' will be the conjugate of AB=5 and the angle AOB=0 will 
be equal to the angle A' OB'. Designate respectively the lengths of the lines OA, OB and 
AB by a, b and d . We shall have (Art. 16) 




and 



8=P — a 



S' = p' — a'; 



in multiplying these two equalities by each other (Art. 58) 



we shall have 



8S' = pp' — ftp' — pa' + aa' = pp' + «a' — (ap' + pa*) 



or aP4-pa'z=pp'4-«a' — 58'. 

But we know that (Art. 64) 

88' = d« i, pp'=:6«f, and aa' = a«t. 






«?• + ?«'= (a«H-6« — d«) t. 



(I) 



Therefore, if A is taken as the principal direction, we shall have «=a', pa'rraP, 
ap' = ap' (Art. 47), and 

pa' + ap'=a (p + P0=2 ab Cos <p . f, 
<P being the angle A B ; therefore 



or 
consequently 



(a« + t«— d«) t=2a6 Cos <p . t, 
a« + 6«— d« =2 a 6 Cos f, 



«P'H-pa'=2a6 Cos <p.t 



(2) 
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If e=2i 



• » 



66. Let us suppose that 

P=x,i'^yJ'hz,k (Art. 14). 
their respective conjugates will be represented by 



But it is easy to see that 



therefore we can write 



consequently 



flt'=:a?t — yj — zk^ 
P'=zx,i — yJ — z,k; 



*P'-f-P(x'= (xi-hyj-hzk) (x,i — yj—z,k) 
-f-(x,*-f-y,y-4-z,fc) (xi—yj—zk) 
^^2(xx, + yy,-hzz,) .i (Arts. 47, 48), (4) 

a third expression for « P' -h p «', which is not less important than the two preceding ones. 

67. Examples. 

Ex. 1 . The sum of the squares of the diagonals of a parallelogram is equal to the sum 
of the squares of the sides. 

5 Let the side AB=a, the side AD=:p, then (Arts. 15, 16) 

AC = « + p . 

DB = a — p; 

and (Art. 61) (AC)'=a'4-P'. 

(DB)'=«' — P'. 
Then AC x(AC)'=(« + p) («' + p')=**' + PP' + «P'-»-P«', 

DBx(DB)'=(«— P)(a' — p')=«oi'+PP' — «P'— P*'; 
ACx(ACy + DBx(DB)'=2««i' + 2pp'. 
But (Art. 64) ACx(ACy=(AC)«.i, DB X (DB)'=(DB)«. <, 

«a'=««* = (AB)«. i and pp'z=p«f=(AD)«.t; 







or 
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(AC)* i-h(DB)« i=2 ( AB) « »-h2(AD)« i , 

(A C)« + (D B)« =2 (A B)« 4- (A D)« . 



This and some of the followmg examples are very readily solved in the ordinary way; 
we give them here for illustration solely. 

Ex* 2. To find the diagonal of a parallelepiped in terms of the three edges it meets, 
and their inclinations to one another. 



Let the edges be O A = « , B = p , C == y ; let the inclinations be 
BOC=e, COA=<p, AOB=*. Let 0D=8 be the diagonal re- 
quired. 




Then 

or 

and 



OD = OB-hBE-hED 



8 = p + «-t-Y 
8' — p'-ha' + Y' (Art. 61). 



Then by multiplication. 



But (Art. 65) 



8a'z:±pp'-f-aa' + YY' + (P»' + «P')-*-(PY'-»-YP') + (*Y'-^T«')- 



pa' + ap' = 2ap. Cos *.i, 

Py'-«-yP'=2Py. Cos e.i, 

*Y'H-Y*' = 2aY. Cos <p . t, 
8S' = 8«.i, pp'=:p*.i, aa'=:a».i, YY' = Y*.t 



* 
« . 



8« = p«4-a«-^Y* + 2ap . Cos*-h2pY . CoS e-H2aY . Cos ^ • 



Haviiig the same terms given, we can in the same manner find the other three dia- 
gonals which pass through C, B, A ; and see that, the sum of the squares of the four 
diagonals 

= 4(a«-*-p« + Y*). 

Ex. 3. If O be any point whatever either in the plane of the triangle ABC or out 
of that plane, the sum df the squares of the sides of the triangle falls short of three times 
the sum of the squares of the distances 6{ the angular points from 0, by the square of 
three times the distance of the mean point from . 

Let A=a,OB=p, OC==Y> and let G b6 the mean point of the 
triangle ABC, arid G =8 . 
We will first show that. 

8=i(a + p + Y). 
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For 



and 
and 



«=OA + AG=OA — IDA, 
5 = OC + CD-4-DG=:OC — JBC + JDA. 



Adding therefore these equalities , 



or 

Therefore 

and 

and by multiplication 



38 = OB + OAh-OC> 

35' = a' + p'-|-Y'; 



But (Art. 65) 



and 



consequently 



or 



3«55' = «a' + pp'H^YT' + (*?' + P«')+(*T'-+T*')+(PY' + YP') 

a?'+pa'=(««-f-p* — AB«).t\ 
aY'+Y«' = (**+Y*— AjC«).i, 

pY'H-YP' = (p+i^-BC«).t; 

5y = 5t.i,a«' = a« .t, p(i' = p«.i, yy' = Y* . <; 



3$* = 3 «« + 3^« + 3 Y« — (AB« + AC« + BC«) , 
AB«4-AC«4-BC« = 3(««+J« + Y*) — (3^)« . 



Ex. h. OABGD being a regular pentagon, to find the algebraic expression of the 
side AB* 

It is obvious that the angles which the directions of the sides B C , 
C D , D make with the direction H which we assume is the pi^n- 
cipat dij^eciion are respectively twice, three times, four times greater 
than the angle BAH which the side A B makes with the direction OH. 
Therefoi'e if the unit of A B is a?, that of BO, CD, DO will be res- 
pectively a;" , 05* , ic* (Art. 41), and if the length oJ A is represented 
^ by a> and its unit by i , then , 

OA=ai, AB = aa?, BC=aa;«, CD=ax», andDO=aaj* . 

OA4-AB4-BC + CD4-DO=o. 




Besides, 
Consequently 



ai4-aa5 + ax*-haa;* + aa;*=o> 
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or X* H-a;*H-a?*-HicH-i = a. 

From this equation we obtain 



and by adding «^ 



9 



or X 






Which can bo put in the following form : 
or (a*4-Ja?-h*) (a;« + Ja?4-t) = f a« ; 






(a;« + ia? + i)*==| a« 



or X* + J x4-t = it^ V"ft 

a;* 4- J (1 =FV^*) aj = — i 
(See Arts. /i/i, /i7, /i8 and 49). 
From the last form, we have 

x = — i (1 =F\^^) i±i Vl6-(lTJ/5)'. \^~t. 
This equation gives for a? these fom* values : 

«i=l (V* — 1)*' + i \^404-2|/n/=7r 
X2 = J (\^^— l)t — J V^0^2|/ri/=-|, 
aPa = — 3 (V'*+1)i— 1 A^ro-2J/JJ/:r7, 

a; I is the unit of the side AB. If BH is perpendicular on the principal direction OH 
then , 

AH = la(\^5-l), 

and BHrzrj a Yi0 + 2yf. 

a?2 represents the unit of the analogous side of a pentagon which we can draw under 
the line A . x^ is the unit of the side A B, of stellated A B, C, D, . If B, P is pei'pen- 
dicular on OA, 

APr=J a(Yb+\) 
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and B^P=j a V^o -2 i/& ; 

a?4 represents the iinit of the analogous side of the stellated which we can draw under 

the line O A . 

As the side A B, of the stellated A B, C, D, is equal to the side B C of the pentagon 
O ABCD, and as the unit of BC is the square of the unit AB, a?, must be equal to x\ . 

Ex, 5. To find the radii of the circles described in and about a triangle of which 
the sides, m lengths, are given. 



Let in this fiffure 




M X 



OD = a, DM = fr , 
ME = fe,, EN = c, 

DC=:r, EC=n, 



(5P_^^^ the angle XMN=?, and the angle XON = 0. We will suppose that DC is 
perpendicular on OM ; EC on MN; and CF on ON. Let OX be the principal direction. 

If « repi^sent a unit which makes with the principal direction X an angle of one 
degree (Art. 42), a"^ will represent the unit of M N ; a that of N ; a', that of D C. a« ^, 



^ 



that of FC ; and « '"*■ , that of CF; and lastly the unit of OM will be a© or i. Therefore 
we shall have. 



» » + 



ic 



The requisite conditions to have C the centre of the inscHbed circle, may be thus expressed, 

a = a,, b==ib,, c=c,, r=:r, = r,, ; 

in introducing these conditions the equations will become 



C 



b«^+ra5-^"^ = -6t + ra^ (^) 



5 + 6 ^«?j.-n«ii ■*'1* 
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In multiplying these three equalities, side by side, we shall have 



As (Art. 43) ,« + T+«^.«. «T+<>^ 

una « = — $ therefore « = — a ; thus 

an:)by transposing 

or ) r*(a-h&-hc) — afic | *^ =o. 

r* (a -f- 1 -+■ c) — abc represents only an abstract number , and to have the product of 
the factors r* (a + 6-+-c) — abc and a^ zero, it is necessary that one at least of these 
factors should also be so; but as a^ cannot by supposition be zero, then 

r^ (a + &+ c) — abc=:Of 

A abc 
or r" =— 



a-hb-hc 



Besides if we put, 

a-h6 = A, 6 + c=B, a-hc=C, 



we shall have 



A + C— B , A + B— C B-hC— A 

2 ' 2 2 



and again if we make , 



A-HB-hC = 2S, 



we shall have 



A + C — B=2(S — B), 
A-f-B — C = 2(S — C), 
B + C — A=2(S— A), 



therefore 
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,._ (S-A)(S-B)(S-C ) 

S 



V 



r= \f (S-A) (S-B) (S-C) 



The area of the triangle M N evidently 



=rS. 

= 1/{S(S 



A) (S-B) (S-C) j. 



Again the area of the triangle 



(3) 



(A) 






or 



OMN = ^A.C SinO=A; 



Sin = 



2A 

A.C 



Sin 9 = 



jj, I/{S(S-A)(S-B)(S-C) j 



(5) 




M X 



If C is the centre of the Circumscribed Circle and C D per- 
pendicular on M , the angle D C will be equal to the angle 
N M . Relying on this fact, and employing the Formula (5) 
the radius of the circle passing through 0, M, N , is readily 
found. Here we shall find this radius without the aid of For- 
mula (5). 



Let OM=:A, MN = B, ON = C, OC=r, the angle MNO=* and the angle 



1C 



MON=0. Then MC andCN_=r, the angle D0C = 5 — *, the angle XMC= it 

It 1C 

— (ff — ♦)=j-h*, and lastly the anglt XMN = (4>-h6). Thus if we designate by a a unit 
which makes an angle of one degi'ee with the principal direction, and if we take X as 
the principal dii^ection, we shall readily see that. 



OC=ra» ,MC=ra»^ ,ON=Ca, 



MN = B «*"^\ and finally 0M=: A a® = At. 



Then 



1C ^ 1C 

A»=:ra — a 



and if we multiply this equality by 



1C 



Ai = r a 



a ir — g -H<I> 



ic 



roL (Art. 61), 



we shall have (Art. 48) 



Aft. 11*'^ a *^ 



a4> ft QIC — a4> ««tc 
— r Of, -f-r a , 
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or as * — * > 



or zi — : — 1^-' =r« 



2r* i — A*t «Tc + 2<I> aw — «*^ (a) 
nr ft +* ! ^ ' 



again 



r« 



4» + 

At = C« — B« ^ , 

_ « It — ^ 2 It — * — 6 

At = C* — B* ; 



by multiplication 



or 



ait ft'R + <l> ait — <^ ^ ^ « 7c 

A«i=C«« — BCa ^ — CBa +B«« , 

A.« — B« — C . 411 + * ait — * 

bTc — *=• ^* 



(A.«— B«— C»)' ._ 4it + «<I» «« — «*^„„«*. 
or by squaring, j^, q, * — * +* "*"''* » 

41C ,41t 8« ., 

an(j as a =t and « =« , then 

(A.«_B» — C«)' . «it + a* ««— .* 
B'.C 

M« — B« — C«)* — 2B« . C« . «« + «* «it— «* 
hence ^ b«C* *~* • W 

Then of the equalities (a) and (b) we have 

(^a_B« — C«)'-^2B''.C« _ 2r«— A" 
B« , C« " r« 

and consequently 

r* I /|B« .C — (A» — B« — C«)' |=A« . B« . C« ; 

A« . B» . C 

'*'~/»B«. C« — (A" — B« — C«)' 
Besides 

4B«. C« — (A» — B«— C«)* =(2BC + A« — B« — C«)(2BC — A« + B«-f-C«) 



= j A«— (B» — 2BC + C«) I {(B»+2BC+C«) — A« } 

= 1 A«— (B — C)« j I (B + C)« — A« I 

= (A + B — C) (A — B + C) (B + C + A) (B + C — A). 
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Now if we make A + B + C=2S, we shall have 

A« . B« . C« 



16S (S— A) (S— B) (S — C) 



or 



A.B.C 



4\/ jS(S — A)(S — B)(S — C) I 



(6) 



Ex. 6. la any quadrilateral prism, the sum of the squares of the edges exceeds the 
sum of the squares of the diagonah by eight time^ the square of the straight line which 
joins the points of intersection of the two pairs of diagonals. 

Let OA = a, OB=:p, OC=iY, 0D^5; the sum of the squares of 
the lengths of the edges (Art. 6A) 

-2 j «a'+pp'+(Y— ) (y— O + Cy— P) (y'— PO + '^as' I , 

= 2 {2«a' + 2Pp'4-2YY+2SS' — (aY^-HY*') — (yP' + PyOI - 

The sum of the squares of the lengths of the diagonals (Art. 64), 

= (Y-h5) (/-hS^-^C^ — y) P' — y')-»-(^ + « — P) P'-H*' — P')-H(S + P — a) (S'^-p' — a') 

z=2| aa' + pp'H-YY'-H2BS' — (aP'-hpO| . 
Also lOG=i P+Y) = 

the distance from to the point of bisection of CD, and therefore to the point of inter- 
section of G, CD; and the distance from O to the pomt of bisection of A F , as like- 
wise to that of B E , and therefore to the intersection of A F , BE 




a -4-0 



2 



-4-az= J ($ + a4-P), 



hence the straight line which joins the first point of intersection with the second 

— i(«-+-P — y); 

eight times the square of the length of this line (Art. 64) 

= 2(« + P — Y) (a'H-p' — y') 
= 2 jaa'4-PP'H-YY'-f-(«P' + PO — («y' + Y») — (Py' + yPO |, 

which, added to the sum of the squares of the lengths of the diagonals makes up tha sum 
of the squares of the lenghts of the edges. 

68. We have seen that x, y and z bemg rectanrjular coordinates (Art. 14) 
p = a5i-H?/jH-z&; If m this expression we make yj-Hj^fc^rvi, weshall have p=:a;*-i-v;. 
It is obvious that this --a, being on the plane passing through the direction OX and 
through p , is perpendicular to the principal direction X . Therefore let us represent tlie 
lines a , p ia this manner, and 
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Let a=ra?i + ri 



p==x,i-^\. 



and their conjugated 



0(,'=xi-hfi9 

Thus «P'=a?a;,< + a?/n + »"n,4-viVi, (Art. 47), 

and by addition 

but, 7i-hTfi=0, and Yj, + Tq, =0, and besides if * represent the angle which is between ^ 
and -fi , transposed to tlie same origin , 

^■n,-i-Ti,'n=2viji, Cos *."i (Art. 65). Therefore 

»p'-i-pa'=z=2a;a;,i4-2viYi, Cos 4>.t. 

Example. To find the cosine of an angle of a sJpherical triangle in terms of the cos- 
ines and sines of the sides. 

Let us assume that a and p in the last Formula are two units, and 
that in this figure a i*epresents OA; and p, OB. Then necessarily 

05 = Cos fe, a,= Co? a, Ti = Sin fc, ]o,=iSin a, *= angle A CB, 

and « p' -^ p a' := 2 Cos c . % (Art. 65; 

2 Cos c . 1=2 Cos a . Cos 6. i4- 2 Sm a. Sin 6. Cos C . i , 

or Cos c = Cosa. Cos fc-hSin a. Sin 6. Cos C. 




CHAPTER IlL 

8PE€IAI« PERPi:]!irDiei.TI,AR. 

69. Let us suppose that a repre=?cnts a line OA ; p, a line OB; and that OA =:£t, 
0B = &. A perpendicular erected on the plane which passes through the Imes a, p, and 
having a length equal to a . 6 . Sm A B performs a very important part in the calcula- 
tions of Linear Algebra ; we shall call it the Special Perpondicular of these two hues a 
and p . It is scarcely necessary to say that this number a b Sin A B is equal to the area 
of the parallelogram which has A and OB as two adjacent sides. 

70. The special perpendicular of a and p will be considered as having such a direc- 
tion that in placing ourselves at the opening of the angle which is between OA and OB, 



—sa- 
in such a manner that OB or p may be at our right and OA or « at our left, and on 
regarding the point 0, we shall see agreeably to our ordinary conceptions that this per- 
pendicular is raised on the plane A B ; if we suppose ourselves placed in the opening 
of the angle A B in such a manner that « will be at our right and P at our left the 
Special perpendicular which we should have conceived as rising on the plane BOA, will 
be that of p and «. 

7i. We will represent the special perpendicular of «i p by 11 or ^ ^ and that of 

ftp ftp 

p, a by 11 or '^ ; it is evident that 

n=-n, orii + n =0. 

ft P P« ftp P ft 

It follows from the very definition of the special perpendicular that the absolute 
number or length of 11 is a & Sin 0, being the angle which is between «, p transfer* 
Ired to the same origin. It is evident that a, being an abstract number, the special per* 

pendicular of d* and p, or 11 will be = a 11 ; the special perpendicular of — » andp 

naftp TT «P IT 

„ y that of ot, — p is also — 11 ; that of — ft, — p, is 11 . If ft =rp, and x an 

ftP ftp ftp 

abstract number> the special perpendicular of as « and p, or that of « and x p wille be = o; 

n =0, n =0. 

or (c ft ft ft 0$ ft 

72. If ft and p are given, we shall be able to determine 11 , and consequently 

11 . Let us first find the absolute length of 11 • If we represent by 6 the angle which 

p ft ft p 

is between « and p> transferred to a common origin, we shall have 

ftp'^^pft'=2a6 Cos 0. f (Art. 65). 
From this 

ftP'4-p*'=2a6V"i_sin« e t, 
or («P'+pftO* = Aa«6* (1 — Sin« 6) . < (Art. 48), 



» • 



'Which gives according to the very definition the absolute length of 11 or that of 11 , 

P P * 

in terms of « and p. Now, let us try to find the unit of the special perpendicular 

11 > we will represent it by u> and assuming that « and p are given we will write them 
ftP 

also in this form 

a=a5,»-f-y,;-*-jar, fc (Art. 14)> 

and also tt=»,»+y, ;■+*,*. 
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The direction of u being perpendicular to the lines « and p» we must have (Art. 65) 

on replacing in these two linear equations a, a*, p, p', , u, u' by their equivaJentSi we 
shall have these two numerical equations (Art. 66) 

»i»«+yi!/» + ^i^8=0i (1) 

»aa?a + !/9ya + ^«^»=0; (2) 

and as u is but a linear unit, we have u.u'=:i (At. 64), or 



(3) 



Of these three numerical eqiiations, vre shall find. 






«^*j— •*, », 



^ _^ yi««— »iVji 



Thus the equation ti=a?ai+l/aJ"*"^d* "^^^ become 






n. 



Therefore by multiplying this unit u by a 6 Sin 0, we shall have 

«p 

73* We have already found that 

ab Sin e. t = l ^ j4a«6«i— (ap'-|-pa')« } , 
or ah Sine t = i \r )4aa'. pp' — (ap'^-pa')« j (Arts. 48, 64); 

< 

if now we put into this equation the equivalents of «, *', p and P' we shall have, 

ab SinO =1/ ! {x^y^—y^z^)^-^{x^z^—z^x^)^-^{y^x^—x^y^)^ |. 
Then a b Sin 6 . w, or 

ap 
which is the special perpendicular of « and P ; also, 

P 01 




• • 
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74. In a pyramid CAOB let 0A=«, OB=p and OC=y . We know that, if the 
hight C D of the pyramid C A B is H, three times the volume of this pyramid will 
^ =:Hx the area of the triangle A OB; and if the angle AOB=0, the 

area of the tiiangle AOB = |ap. Sin »• Therefore if V represents the 
^ volume of this pyramid, we have 

6V=:ap Sin exH; 

A^ and if the angle DOC=<p, then H=y Sin ?; 

consequently 

6V=«Py Sine, Sin ?• 
But according to Art. 65 

T n' -^ n ^'=2l- N(n ) cos {J-T).i (Art. A), 

and as N ( JJ ) = 2«p Sin 9 (Art. 69) , 

then T li .+ n y'=2«Pt Sin 0. Sin f . «, 

ftp oc p " 

I 

T n + n Y'=i2v.t. 

«p «p 

In the same manner we can also find that 

P Ai H- AA r= 12 V.t, 

« n + n «' = 12 v.». 

75. From this come? the following important theorem. When three lines represented 
respectively by «, p, f are not in the same plane, we have 

T n' -^ n y=P ff^n ?=« n' ^u ^'. 

«P *P Y* Y* Py Py 

From the inspection of tliis formula we shall see by what law *, p and y there 

change their places on quitting the bottom of TT to range themselves by its side, or vice 

versd. It is very necessary to remark that in this formula we assume that in placing 
ourselves between «, P leaving p to our right and « to our left, and in regarding the 
point 0, we shall see y above the plane passing through a, p. Also, if we place ourselves 
between y» «» or between p, y> leaving « or y at our right and y or p to our left and 
in regarding the point 0, we shall see p above the plane which passes through y» * ; and 
« above the plane which passes through p, y- 
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76. If ft, p^ Y are on the same plane, <p=0; 

therefore 2 a p j Sin e . Sin ? = , 

and Y n -f^ n T' = p n' + n p' = « n + n «' = o. 

«P «P Y« Y« Py Py 

Conversdy, if y 11^-+' 11 7^ = 0, none of the lines «,P,y beinff themselves 0, we most 

ap ap *^ 

have either 6=o or 9=0 ; hence in either case the three lines are coplanar. 

77. Since H ^ is perpendicular to the plane A OB (Fig. of Art. 74) and 11 is 

perpendicular to the plane B O C 11 , 11 are both perpendicular to OB the line 

along which is P; OB is perpendicular to the plane which passes through 11 , 11 . 
and therefore is in the direction of «P PY 

n n =m& 

n n y hence, m being a number , n [j ^* 

«PPy «P Py 

If 0A=«, OB=p, OD=B, OE = e; and if the planes AOB, D E intersect in O P; 
it follows as seen above, that, 11 and 11 being both perpendicular to OP, 

ap Ss 

n 

jl fl is along P and is therefore = n. OP, n being a number . 
«P 8* 

78. Formule^ 

We have abeady seen (Art. 65) that 

ap'-hp«'=:«'p-+-P'« = 2«p Cos e.i=:(a«-h6« — d«)», (1) 

n = - n (Art. 71) . (2) 

a p pa 

Let the angle which is between the lines «, p transferred to the same origin, be 9. 
Evidently we have 

a«p«=:a_«p« Cos«0 + a«p« Sin* ; 

^"* a«|« Cos«e = j (a^+poO* (Art. A), 

and ««p« Sin«e=:N'(n ) (Art. 4); 

ftp 

hence a«p«=^(a£-hP«')«+N* (11 ). (3) 

ap 
Let a=:Y-f-8, p=p4-ft>. 

From these we can deduce the following nimierical equation 

ap'4-Pa'::=YP'-*-PY' + ^p'H-P^ + Y*^ + **Y' + ^<»>-*-**^' J (4) 
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for we have 

pot'=:(:p4.») (y' + 5^ = py'+P*'+«Y' + <*>«'; 

therefore by adding these two equations one to the other, we shall have. 

This theorem stiU remains good when a and p compose more than two lines. 
We know that when «=p 

n or n =0 

and (ap' + pfltO or «a'-H«ot' = 2«« t . 

Let « = a?i*+j/i; + ^i &, P=»t* + !/i;+^i*- 

WeshaUhave ^p,_^p^,^^,p_^l^,^^2(a^,a?, + y,y,+;..^.)» (Art. 66). (5) 
or «P' — P*' = 2(arjy,— t/,art)i + 2(y|a?,— »,y,)y + 2(af| a?, — a:,z,)&. (6) 

We have also seen already (Art. 73) that 



11 = (z,y^-y^z^)i-^(x^z^—z^x^)j'h(y,x^—x^y;)k. 



(0 



The frequency of the application of this last formula or theorem in what follows, allows 
me to recommend to the reader to notice particularly, and to keep constantly in mind 
the law according to which the terms of this Formula are formed from the terms of <» 
and p. 

If (Art. 14) az=:a?i i + j/ij + jji fc, 

Y=a?3*-f-j/3j+:3r3&, 

and 5=a?^*H-j/^ jf-Hjs^ ft; 

by addition we shall have 

Y + 8z=(x3H-a?4)t+(y3H-j/4);-+-(ja-f-;ar4) k ; 
and by Formula (7) 

(* + P) (y + ^) ' 

-h j(a?i+»«) (^3-*-0 — (^i-^-^t)(a?, + »4)|i 

after having performed the multiplication and arranged the terms, we shall have 



or again by Formula (7) 
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y i«s) *+ («i *» — *i »») y + (!/i »»— »i Vs) * 



■y«*4)» 



• («« *• — «i »»); H- (y. », - »t y •) * 

(a5,*4— «,a?4);-»-(y,a!4— «,y4) A» 




= n =n 

s) («+P)(th-s) 



«T 



n +n 



n 



M 



(8) 



It is well to observe that the formation of the terms of this Formula follows the 
same law as the terms of a polynomial multiplication. 



If «, p, Y are three lines (not coplaner) we shall have (Art. 75) 



n 



•p 



n y=p n -hH p'=. n' -^ n .• 



(9) 



and by Formula (2) 

T n H- n T =-(t n + n yo m 

ap ap pa pa 

If 

a=»,» + t/, > + «,&, P=«, t+j/,;-4-ar, fc; 
we have TT 

11 =(*,!/,— y, *,)»+(«, »i— *,«,)> +(y,«,—»,t/,) ft; 

and again if t^x^i + y^j + z, k, 

we shall have by Formula (5) 

tII- H- 11 Tf'= 2 {x,(«,t/,—y,«,) + y,(a!,»,— «,«,) + «, (y,»,—a!,y,) I » 
ap «p 



= 2 



*i Vi «i 



*« y« «) 



«3 y. »3 



» . 



(11) 



We have seen that the volume of the pyramid ABC (when 0A = «, OB=P 
C = Y ) is one twelfth of the above. 



If 



«=Xii-hj/i; + jX| fc, P = Xai + i/j;-hZjfc, y=x^i'hyj'hz^k; 



n 



in replacing p by 11 in Formula (7), we shall have 



n 



« n 



= 1*1 (»«*»—«««») — yi(y«»« 

+ {», (y.aja — «!,y a) —«»(«, y. 



«t y.) I » 

yt's) |y 
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+ («,«, +y, y, + ar, «,) y,y— («,», +y , y, +jr, a,) y,y, 
+ (»,», +y, y, +ar, »,) *, fc— (», », +y, y, +«, *,) *, fc 
= (», », +y, y, + «j «,) («, »-l-y,y+ »a fc) 
— (x, «, +y, y, +*, «,) (a?,» + y,j4-ar, fc) ; 

then by Formula (5) JJ = j(«^+,.o P-| {-P'+POr. (12) 

«n 

Py 

°®''*^ n =i(«P' + P«')Y-i(«T' + Y«')P. 03) 

n « 

Py 
Whether we employ Formula (12), or whether we make use of the method which 

gaveittous, we can have TT , / • / . « « , /« » bin /..n 

* 11 =H*y+Y«0 P— i(PY'-»-YPO«. (<^) 

n Y 

n — n =i(pY'+Yp')«-4(«p+p«')Y. 

« n n Y 

Py «P 

*"* n — i(pY'+Ypo«= n — jcp'+p-oy. (15) 

«n n Y 

Py «P 

We have by Foamula (12) 

n =h («Y' + Y«') P—l (-P'+P-Oy, 

« n 

Py 
n =i (?«•+«?') Y-l (Py'+yP')«» 

P n 

Y« 

n =HyP'+Py')«— Ky-'+^yOP; 
Y n 

«p 

therefore.by adding H +• 11 h- 11 =0. 

« n pn Y n (i6) 

Py y* «P 

By Formula 12 TT , ^ . „ ^ 

' 11 =1 (.y'+yO P— I («r+P«') y; 

« n 

Py 

by putting here 11 . instead of « we shall have 

«P 



If in Formula (12) we had replaced « by 11 , we should have found. 
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n =,(n,.,n)p-j(nrH.firK; 

n n *p «p «P «P 

•Mr 

but the lines 11 and ^ being perpendicular the one to the other, 11 p'+p 11 = 

ftP ft^ ap 

(Art. 65), consequently 

n =i(Tn'-.nT')p=i (.ir-Hn.')p. ar) 

n n «p ap py pt 

«p Py 

n 

. » — — 

n =i(n,..,ir),-,(nr.fii),. m 

By this laft Formula 

n =j(n.-H8rr).-i (n.+. ir)s; 

n n Pt Pit Pt Pt 

Py «8 

but by the Formula (2) 

n 4. n =0; 

., n n n n 

"^^^ Pt «8 «s py 

( fly + T IT) f- (n r+P ff ) r+ (n ^+« IT) .- (n .■+•11) »=oj 

** «5 aS a$ Py Py Py py 

but by Formulae (9) and (10) 

»ir+ nT=«ir+n»=-(sir+n^). 

ao a$ Y* y* «Y «T 

«5 «$ p« p^j ^p ,p 

« n + n «' = V n + n t' ; 

,, Pt Pt «P otp 

consequently 

(» IT + n») . -(.IT ^n^r) p+(. rr* n*') , - g rr +n»)»=«i 

Pt Py «y «y «P «p «p «p 

• (y Eh- 11/)$= (sii H- n^) «-(8 rr -f- II 8^) p + (sir + n ^)u 

«p «P Py Py «y «y «P «P 

or (rir^n/)8=(8ir-Hn8').H-(8n'-HiiOp+(8n-^n«^)Y. 09) 

•P *P Py Py y« y« «p «p 



We can put the last Formula in this form 

n(y11-*-11y7 * Pt Pt y« y« «p *p ' 

Tliis equation expresses a line in terms of three other lines. 

5=a?4< + y4;H-ar4 fc; 
by Formula (H) 

Py Py 

«II +11^=2 |»4 (^sVi— y«0-*- ^4 («»*!— *»»i) +*4 (ys»i— «ayi) | »» 

Y* Y* 

^IT + nS' = 2{«4 (^lyt— »i^t) -^»4 (a^i^t — ^i««)+ ^4(yt»t — »i »«)!*• 

Now on multiplying the first of these three equalities by « =», t-h y , j-hari fc; the second, 
by p=a?,i4-yay-*-Zg fc; the third by Y=a?a* + y8i"*"*a*5 *^d finally in adding the 
products we shall have 

oiTh- n^)oc+(8ir-*.n«^)p+(8ir-HnoT 

Py Py y« y« «P «P 

which is the second member of Formula (19) and 

= 2x,a;4(*,ya— y,»,)»+2yjy4(aj,*,— *,a!,); + 2*jar4 (y,»,— »,y,) * 

+ 2»,»4(*,y,— y,»,)*+ 2y,y4(!B,*j— *,»,);-»- 2*, ar^ (ya«i— »ayi)* 
+ 2»,aj4(*,y, — y,a:,)»+2y,y4 (»,*,— ar, »,) y+2*,*, G^i«,— «iy,)fc 

=2(a!i «4 +y , ^4 +*i *«) { (*«y» — y« «a)»+(»« *« — *i ««)i+(!/t «. — «t !/«)*! 

—2 a?, 38^ («, *, — *, *a)i— 2a!, a!^ (y, a?, —a!, y,) *— 2yi y^ (z, y, — y, «,)» 

— 2yiy4 (yt»«—«ty»)*— 2*1*4 (*iy»— Vi*.)*— 2«,«« (»i*.— *•»,)/ 

+2(a!,»4+y,y4 + *,*4){(«,y,— y,^,)»H-{a!,arj— ar,«!,)y+{y,»,— «,y,) fc | 
— 2»,«4 (a?,*,— *a«,)y— 2a!,«4 (y,», — »ayt) fc— 2y,y4 (*,yj— y,«,)t 

— 2y,y4 (s/««i— »«yi)*— 2«,*4 (*,y,— y,*,)»— 2*,*^ (»«*i— *,»,); 

+2{»,»4+y,y4+*,«J } (*,y,— y» *,)<+(»,;»,—«, «,)y+(y,»,—«,y,)fc I 
•— 2»,»4 («i*t— *t»t)y— 2«,»4 (yi«,— ojjy,) fc— 2y,y4 (*,y,— y.*,)* 

— 2y,y4(!/i»t— »iy,)*— 2«,a4 (*iy»— yi«,)»— 2«,«4 («i*«— *i»«)y 

=2(!Pi«4+yiy4+*i*4){ (*t2/8—yt*8)»+{»i*« --*«««);+ (yt»a—«iya)* | 

6 
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■ % 

2 [xgw^ +y, y^ +x, z^) j («, v, — y,««) »+ (»i «, — ^t !»•); + (j/, »t — »i ^1) * 1 



=(«s'+8«') n + {p8'+8« n 

Py Y« 



«p 



or (y IT + n y)s=(«8'+8«') n + (ps'+spo n + (y^'+sy^ n . (20) 

By Formuk (7) 

n = (*«y« — y 8 *«) » + («• *4 — «» *4) ; -»■ (!/» «« — *• ^4) * ; 
y8 

consequently by the Formula (5) 

n IT -K n n 

on making the multiplications, and adding to the second side these three zeros : x^x^x^x^ 
— a?i a?, 0?, a?4 , !/i !/« y» !/* — 2/ 1 2/« J/a Va f ^i ^a *s ^4 — ^i ^« ^a ^4 we shall readily find 



n n' 

«P Yi 



11 11 = 2 (»,»,+ y,y, +*,«,) (»», + yy,+ararj)» 
yS ap 

— 2 {«,»«+y, y4+*i*4) («i*«+yty» + «t*«) »» 

or again by Formula (5) 

n n' H- n IT 

= KP5' + 8P') (aY' + TO-J(«5' + 5«') (Py' + yP). (21) 

79. Examples. 

Ex. 1. On the sides AB, AC of a triangle are constructed any two parallelograms 
ABDEy ACFG; the sides DE, FG are produced to meet in H. Prove that the sum of 

the areas of the parallelograms ABDE, ACFG 
is equal to the area of the parallelogram whose 
adjacent sides are respectively equal and paral- 
lel to BC and AH. 

Let AB=a, AE = p, AC=y, AG=5, 

f and AH=:s; then x and y indicating two 

numbers9<=P — ««,e=S — t/Y>widBC=Y — •• 

By Formula (8) 

n=n =n-n =n (ahot, 

at «(^— ^a?a) «P . «xft «P 




-r«3 — 



and n = n = n - n = n : 

Y« y(?— yr) T^ Y^T Y^ 

consequently TT TT *— TT IT 

ft «• ■ Y^ «P 



n = n + n. 

(Y— «)• Y^ Py 



or 

Besides, the definition of the special perpendicular shows that each term of this equation 
has the same unit; we will represent it by u. We know that (Art« 69) the abstract 

nxmiber of H is the area of the parallelogram whose adjacent sides are respec- 

(y— «)« TT Tr 

tively equal and parallel to BC and AH; and the number of Li and 11 are respec- 

y5 P« 

tively the areas of the parallelograms ABFG, AODE. We will represent the first of 

these three parallelograms by A ; the second, by B, thethird by G ; hence 

A u = B u -4- cu 

or (A — B — C)u = 0; 

A— B — C=0 or A=B + C. 

The ordinary resolution of this problem is very simple. 

Ex. 2. The squares of the sides of any quadrilateral exceed the squares of the dia- 
gonals by four times the square of the line which joins the middle points of the diagonals. 

Let P, Q be the middle points of AC, BD; and let AB=fl{, 
AC = p, AD=y; then BD=:t— ?• 

Therefore 

PQ=AQ — AP=^--|, 




or 



2PQ = a + Y — p. 



Hence the numerical equation that we can deduce is ' 

4 (PQ)« = «« + T* + P' + ( « f + Y**) — (« y + P 'O — ( t ?+Pf) (Formula (^); 

but «t'+y« ' = «« + y« — (B D)«, 

«p'M-P*' = «• + p« — (BC)« , 

tP'+Py' = y'+P'— (CD)«; . . 

therefore 

4 (P Q)« = (A B)« + (BC)« + (BC)' + (A£)« — j (AC)* + (BD)« | . 



to • 



Ex. 3. Let 
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We know that 



And «y-i-P>' = 2 (»4 »a 4- t/i y 4 + «| jr,) , 

Therefore, let ns replace 
«■ , P* > « P'+ P *' » J\ 11 in the Formula (^) by their above equivalent, we shall at once have 

+ (^1 «t — »i *«)• + («i j/«— y I »t)* • 

To find the volume of the pyramid of which the vertex is a given point, 

and the base the triangle formed by joining three given 
points on the rectangular co-ordinate axis. 

Let A, B, C be the three given points; OA = a, 0B=&, 
OC = c; X, y, z the three co-ordinates of the given point P. 
^ ThenOA = at, OB = bj\ OC = ck; andOP=a?t-#-2/;-H;affc. 
Let PA = «, PB = p, PC=t; V= the volume of the pyr- 
amid PARC. 

Hence « = 0A — 0P= — (x—a)i — yj — zk; 

p=OB — OF=—xi—(y^b)j—zk, 

Y=OC — 0P=— at— yj — (^— c) &. 

By Formula (7) 

n = \z(y — b)—yz\i-h\(x — a)z—xz)\j'h\xy—(x—a)(jf — b)\k 




And (art. 74) 



• « 



= — bzi — axj — (ab — ay — bx)k. 

yII + n T'=i2 v». 

( — xi—yj—zk-hck) ( — bzi-^azj-habk — ayk — bxk) 
+ (— frj^t— a;»y— a6fc+aj/fc + 6«fe) (— opi-i-yj+jjfc- cfc) 



= 12 V*; 
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after having made the two multiplications which are in the first side, we shall find 

GYzzzabz-^acy-hbcx — abc^ 
or V = Ja6c (-+? + - — l). 

If y prove to be negative, it will indicate that the pyramid PA B C is below the 
plane ABC. 

Ex. 5. To express the relation between the sides of a spherical triangle and the 
angles opposite to them. 

Retaining the notations and figure of Ex. , Art. 68, we shall have, 

11 = Sin c . Wj , 11 = Sin a . w, , 

u, is the unit of the special perpendicular of «, p ; and t^g is the unit of the special per- 
pendicular of p, T- It is readily seen that the angle which is found between u^ and u, is 
the supplement of the angle B of the spherical triangle ABC; and that B or p is per- 
pendicular to the plane which passes through u^ , tig. Therefore 

IT = — Sin c . Sin a . Sm B . p . 

n n 

By Formula (1) 

«n +n «' = — 2 Sin a. Sin ^>.i, 

Pr Pr 

<P represents the angle which is between the line A and the plane COB; therefore 

P ( « IT+ n«') = — 2Sin a. Sin ^.p. 

Pr Py 

But by Formula (17) 

n =i(*n' +n«') P=— Sina. Sin^.p; 

n n Py Py 

«P Py 

Sin c . Sin a . Sin B = Sin a . Sin f , 



• • 



or Sin <p = Sin c • Sin B . 

Similarly Sin ^ = Sin 6 . Sin C . 

Therefore Sin c . Sin B = Sin b . Sin C , 

or Sin 6 I Sin c : I Sin B I Sin C . 

Ex. 6. To find the condition that the perpendiculars fi'om the angles of a tetrahed- 
ron on the opposite faces shall intersect one onother. 




andmnH 



n n 
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Let OA, OB, OC be the edges of the tetrahedron, and 
0A=«, OB = p, OC = Y. Let the perpendiculars from A and 
B on the opposite faces, be AN, B M • We know that 

NA =m 11 and MB=:n 11 (Art. 70), m and n being 

two numbers ; if these perpendiculars intersect in G, the three 
points A, B, G will be in one plane, and the special perpendi- 
lar of AN, BM will be perpendicular to the line AB=p — a; 

which is the special perpendicular of BM and AN (Art. 71) is found 



perpendicular to A B, Hence (Art. 65) 

(p_«) n' + 

n n 

«Y yP 

but by Formula (17) 

n =i(np' 

n n «Y 

*Y tP 



n (p'-«') = 0; 
n n 

«T tP 



pIDy; 

*Y 



therefore 



(p-ot) (IT p' + p n' ) y' + (n p' + p n' ) y (p'-o = o. 



«Y 



*Y 



«Y 



«Y 



or 



(IIp'+pII' ) j(p-*) y'+y(p'-«o 1 = 0. 

«Y *Y 



It is evident that, 11 P' + p 11 cannot be = 0. Therefore, 

*Y *Y 

(P-«)y'+y (P'-*0=0; 






but by Formula (1) 
and 



or 



Py' + tP'=«t'+y«'; 
p y + 1 P' = (0B« + OC* — BC«) t 

« t'h- y «' = (0A« + 0C« — AC«) ♦; 

OB«-hOC« — BC« = OA« + OC«— AC«, 

OB« + AC«=BC« + OA«. 



Consequently the condition that all three perpendiculars shall meet in a point is that 
the sum of the squares of each pair of opposite edges shall be the same. 

I 

Ex. 7. Any point Q is joined to the angular points A, B, C, of a tetrahedron, and 
the joining lines, produced if necessary, meet the opposite faces in a, b,Cf o; to prove that 



Qa — QA Q6 — QB Qe—.QC Qo — QO 



= 1. 
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Let QA=«, QB=p, QC=t, 

Q0=8; Qa=a«, Q6=6P, 
Qc = cY, Qo = d5. Then 
AB=p— «, AC=Y— «, OB=p— 8, OC=Y— ^ 

r 

a =5 — a « . Therefore 



** 



n (y— a«')=0, 

(P-8) (r-8) 



(8-a«) IT + 

or by Formula (8) 

p-a.) (H-rr- n+n) 

Py ^T P5 88 



or 



or aoc 



H-cn-n-n + n) (^-ao=o. 

Py ^y ps 88 

#Y y8 sp Py y8 8? 

- (8n' + n8^)-(8ir H-n8')- (8ir+n8)=o, 

Py PV t8 y8 p8 pS 

(n'H-n^n )-»-(nH-n^n)«.'-(pn .-np)=o; 

PY y8 8P PY y8 8p t8 y8 

. a /. IT + « IT + « n -H n . + n «' 4- n . J - (pII' +np)=o: 

I Py y8 8p Py y8 8p J y8 y8 

We can find in the same way, that, 

6 ipIT +pir+p n +np'+np'-H np)-(«n +n«)=o; 

\ ay Y^ ^* *Y Y^ .^* * Y^ t^ 

c /yH -HYn+Yii +n Y+nYH-iiY )-(.n +n«c) =o; 

t aB BS 8« aft 68 8a I 08 



p8 a8 



{ 



n'^8n'+n' 



di8ii +8 11 +11 + n 8 '+ n 8 + n 8- \ - (« n +n«)=o. 

«P Py y« «P Py y« ' Py Py 



Now if we write 



« IT + n« =»», « n + n*'=y<, « n + n«'=«», 

Py Pt y^ t^ ^P ^P 



pIT +n ?•=«>», 

y8 y^ 
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and apply the Formulse (9) and (2) we get 









ax-^ay-haz — tor=0. 








— bx — y — bz-h b 10 = 0, 








cx-hcy-^z — c 10 = 0, 








— X — dy — dz-h d to = 0. 


which give 






a ^ A 




a-i * » d-i *"— "' 








« . ^ A 




a-i y ' b-i **— "' 








'^ V ^ X —0 




c_-i y b-i ' — "• 






1 
a—i 


C ''a 


and therefore, 


c — 1 d — 1 
1 * 1 '^ 1 •* — 




' 6_i ' c-1 ' d-i -"' 


^\v* 


lition 
a= 

a 


a 


1 * 1 * 1 '^ — 1 * 


or 

but by suppos 


a — i 

Qa 
QA ' 


' b—i • c — i ' d-i —^ ' 
Qb Qc Qo 


cousequently 


* — QB ' '^ — QC ' ** — QO 

^■■i^p^^i* ^H^^i^M^ ^^^^^^^ 

Qa 

. . . etc. I 


therefore 


a — i ~ Q 
Qa 


a — QA 

Qb Qc Qo 

1* ■ 1 




Qa — 


QA ■ 


Q6 — QB Qc— QC Qo — QO 



= i 



€HAPTEi IV. 




BquatioA of a Stralgiit X^ine* 

80. Let p be a line having the same direction as that of D C of 
which the equation is required ; « the line from origin O to a 
given point A in the line D C ; p that to any point P whatever 
in the same line from the same origin; then AP having the 
same direction as p is a multiple of this; let AP=xP; the 
equation P = A 4- AP 
gives p = «4-a?p (1) 

as the equation of the line D C . 
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Another form in which the equation of a straight line may be expressed is this : ins- 
tead of the direction of the line and the position of a point in it being given, let ua 
suppose two points in the line to be given, and let A = «, B = t ; then 

AB = T — « and AP=«(y— «), 

P = «4.«(t— «). (2) 






We can readily deduce the second equation from the iGbrst : we have only to suppose 
that p i5 = Y — « • 

A tUrd form may be exhibited in which the perpendicular on the line DC from the 
origin is given. 

Let D perpendicular to D C =S ; 

then DP = p — 8 

and 8(p'_8^4.(p_S)a'=0, 

because 8 is perpendicular to (p — 8); 

then 8p'— 8S'+p8'— 8^=0, 

p5' + 8p'=288'=:2d«f, (3) 

where d^ is a constant (Art. 64). 

BqtMtion of a plane. 

81. Let P be any point in the plane of which the equation is required, OD perpen- 
dicular to the some plane; and let 

0D = 8, OP = p; 

then P — 8 = DP, 

which is in a direction perpendicular to D ; 

8(p'_S9H.(p-8)y = 0, 

or 8p'+pS'=i 28«». 

If the plane pass through 0, p can have the value zero, 

Sp'-hp8'=!0 is the equation. 

Sice a line can be drawn in the plane through D, parallel to any given line in or 
parallel to the plane; if P be any line in or parallel to. the plane, 

8p' + p8' = 0. 

82. To find the length of the perpendicular from a given point on a given plane. 

7 



Let 



—50— 



be the equation of the plane, y the line to the given point from the origin ; then let the 
perpendicular line he x^^ we have 



then 
and 



which gives 



or 



or 



8p'=:f8Y^+CB88'; 
2a?^«.t=C.<— (t8' + 8y^) 

»i*= — 2i — ' 

Equation of a circle. 

83. Let AD be the diameter of the circle, C the centre, 
and a=: the radius, and let P be any point. If be the 
origin and OP=p, OC=y, CP=p— y. 
We have 

(p— y) (p'— y') = CP. (CPy=a«,<(Art. 64). 
If OC = c, we can put this last equation in this form 

pp'-(py'+tp') = (««— «•).<. 

TAe Sphere. 

84. It is clear that there is nothing in the demonstration of Art. 83 Which limits the 
conclusion to one plane ; it follows that the equation there obtained is also the equation 
of a sphere. 

The equation of a Conic Section dedtu:ed directly from its definition. 

85. We will define a Conic Section as tfie locus of a point which moves so that its 
distance prom a fixed point bears a constant ratio to its distance from a fixed straight lens. 
(Kelland and Tait, Art. 43). 

Let F be the given point, DQ the given straight line, 
PP = e PQ the given relation, F, P, Q, D all in one plane. 
Let FD=a, FP==p, DQ=i/Yf Y being the unit line in the 
direction DQ, and PQ==ixa; then 

p = ex«^ 





thenoe 



?• = «««•«•} 



but 
then 

and 
But 

• • 

and 
Here 

for «y' 

and 

or 

hence 
or 
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p«f=:pp',and«^»=:««' (Art. 64) 



pp' = 0* 05* « «', 






p-4-a;a=:FD + DQ=«-4-y y; 

ap'H-«a;a'=ra«'-4-a'y y» 
a p' + p a' -♦- 2 OJ « «' = 2 « «V 



-♦.Y«' = 0; 



2a?««' = 2aa' — (ap'-4.pa'), 
4aJ«(«aO« = {2aa'— («p'H.p«')j«; 

^\«it'= j2««' — («p'+p«')|« 
pp'.«a' = e«|««'— |(«p'-l-pa'}|«, 



which is the required equation. 




«) 






Tht Ellipse. 



86. When e is less than 1, the Curve which 
the equation (1) represents is an ellipse. FA, FA, are 
f^i multiples of « : Gall ane of them x « ; then by equa- 
tion (1) putting a;« for p and therefore a?«' for p\ 
we get. 



or 



»« = e*(1— «)« 
»=±c(1 — as); 



hence 



Consequently , 



X 



e 



1 +e 



or «=■— 



1—6 



FA = 



1 H-e 



FD 



1—6 



PA, = -3- FD ; 
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AA, = -r^ FD 



the major axis of the ellipse, which we shall as usual abbreviate by 2 a. 
If C be the centre of the ellipse, 

FC = FA,— CAi = (t-^ 1-^) FD 



«• 



= n i FD=« • -7 r FD 

= ea; 
and if the line C F be designated by p, C P by y, we have 

P=j37^«, andY=p+P, 
or a=— ^j— p, and p=Y— P; 

then «p'+pa'=Lll£!p(y_p')4.(Y-P)i=^P' 

and ««'=(L=lf!I'pp', 

also pp'.««' = (T-p)(r— l>') ^^"7/'^* {>r 

= ^^~/*^' [pP' . yt'+(PP')'~(yP'+I»y')PP'] ; 

'whence, by substituting in (1), and remembering that p^=:e*a*. t, the equation assumes 
the form 

(Py'+tI0*--4<»"ty'=— 4a«(1— e«)»; 

which we may now write, CF being » and CP p, 

(«p' + p«')«— 4a«pp'=— 4o«(i— e«)». (2) 

From this last equation we can have 

,_ 2a«pp'— i(«p'+pot')« 
2a«(1— e«) 

_ 2o«pp'— t(«p' + p>')(«p' + pa') 

~" 2o«(1— e«) 

o* pp'-»-o*pp' — K^p'^^p *')*?' — iC^p'+p*')?*' 

'^ 2a«(1— e«) 
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~ 2a*(1— e«) ^'^^ 2a*(1— e«) 

if now we write ♦? for ^7":/!!^ — ^J! where ♦? is a line which coincides with p only 

2a* (1 — e") *^ "^ 

in the cases in which either « coincides with p or when «p'+p«'=0 ; the equation of the 

ellipse 



• T^VIlllIt^ 



(3) 



p . ♦p -♦-♦p ,p =i. 

From a simple inspection of the value of ^ p 

a*p — ii^?''^?*')^ 

~ 2a*(1— e«) 

we see the following properties of ♦ p ; 

I. ♦(p + ff)=*p-+-*<y. 

11. ♦(ap)=:x.4»p. 
III. 9 . 4>p^+4>p . <i'=:p . ♦« -♦•♦(x . p'. 

The Hyperbola, 

87. The same equation is» of course, applicable to the hyperbola, e being greater 
than 1. 




16 A 

Hence 



The Parabola. 

88. When e=1, that is FP=PQ, the curve which the equation 
(1) (Art. 85) represents is a parabola. We have 

pp . «a'=j«a' — |(«p' + P«^)|*. 



pp' . ««' = («a')«— aa'. («p'-f-pa') + i(ap' + pa')«; 



and, since a a' = a« . i (Art. 64) , 

. 4pp' . ««' + 4«a'(»p'-Hp«') — (ap'-f-pa')» 

*— 4«* 

2p' . «'a — (ap'-hpa')a'-+.4«fli' . «' 2p . a«' — («p'-hpa')a + 4*'« . «, 



= p 



If now we write 



4<x* 



4«« 



^._ 2p.aa' — (ap'4-paO 



4a^ 

to which the properties of ♦ p in Art. 86 evidently apply, the equation becomes 



f !*p'+ i^} + l*p + i^|p'=»- 
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The Cone of Revolution. 

89. Let the vertex of it be the origin. Suppose «, where « = 1, to be along its axis, 
and e the cosine of its semi-vertical angle ; then if p be the line from the origin to any 
point on the surfisuse of the cone, and up, the unit of p , 

« . up'H-up . «'=db2e*, 
and (« . up' + up . «')«=4c*t; 

then (« .up' + up . «')«p«=4e« . pp', 

or (« . up' . p + up . «>)*=4c* . pp'; 

therefore, (ap' + poi')«=4e« . pp' 

is the required equation. 

The Cone which has a Circular Section. 

90. Suppose the vertex to be the origin, and let the circular section be the inter- 
section of the plane 

ap' + p«'=:2i 

with the sphere (passing through the origin) 

PP'=i(Pp'+pP'), 
«, p being two units of line. 

These equations may be written thus 

P . (a . up'+up . a')=2t, 

liz=zl(p.up'-hup.?); 
therefore, eliminating p , we find the following equation which u p must satisfy , 

i(P*^P' + ^P •?')(« .up'+up. «') = 2». 
Hence p*(P . up' + up . p')(« . up' + up . «')=4p«t; 

(Pp' + pP')(«P' + P«') = 4pp', 

or 4pp' — (Pp' + pp')(ap' + pa') = 0. 

Now if ap be written in place of p, the equation is not changed, it is therefore the re- 
quired equation of the Cone. 

As « and p are similary involved, the mere form of this equation proves the existence 
of the sub-contrary section discovered by AppoUonius. (Tait Art. 239). 
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CHAPTEI Y. 

On soiue AdditioaAl Applioatioiis* 

91 . Let Ud designate by /i (Of /« (0» /» (0 diverse functions of one indeter- 
minate number, and by f^ (f, u), f^ (^ ti% diverse functions of two indeterminate 

numbers. Let «a > «t » *• ^ given lines ; following the nature of the functions 

A (0. /i (0 f ft Ot ti), A 0, ti) the equation 

P=«iA(0 + «t/i(0 + 

may represent a right line or a curve^ and the equation 

f—^tfi + t*)-H«,/;0+u)+ 

a plane or a surface. 

The first equation is often written under one of these forms : 

p=X«/"(0 and p=4»(0; 

the second equation, 

P=2a/'(<-«-u) and p=*(t+u)* 

92. If P is a point on the curve that 

P=s«r(0 



R 




represents, OP=p, =«t A (0+««/«(0+ ^d similarly, if Q is 

any other point on the curve. 



OQ=Pa=«, A (« + AO-i-«,A(^ + ^0+ 

where A< is any number whatever. 

The line PQ is therefore 

P,-P,=Ap.=«,[/;(<+AO-A(0]+««!/«0+AO-A(0] 
Apt A(i±M-A(0^. AO-^AO-A(0 



• « • « . . 



A< » At * At 

and iis^.im^.ifiMl^ 

*^^ (it * dt ^ » dt 



We can represent this result by 

dp . dm) dp d*(0 

Tt dt dt dt 

Let P be 
andOQ p,=*(< + Ap. 
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Let MS suppose that the number t represents the timet and A ( is the interval of time 
that a point moving along the curve takes to come from P to Q. Pg — p| or ♦(<-*- A <) — ^t^ 

represents the line P Q. It is evident that -t-t- or -^ can represent the average velocity 

of a point which passes from P to Q on the line PQ, in the interval of A<; it is also e- 
vident that when Q approaches nearer and nearer to P, that is to say, when A t becomes 

Ap 

smaller, the average velocity represented by t-^ approaches also more and more to the 

actual velocity at the point P of the point which describes the curve; therefore 

-7^ or — j7^ is the velocity of this point when it is at P ; that is to say, if the point 

which describes the curve arrived at the point P ceases to be accelerated in departing from 
the point P, it will continue to move on the tangent at the point P with the velocity 

-7^ ; this expression represents not only absolute value of velocity but its direction as well. 
a I 

93. Example. Let us suppose that a point moves 
from to X on the line OX, conformably to this 
equation a; =/(<), x being the space passed over, 
and t the time; let us also suppose that another 
point moves along the curve O B C in such a manner 
that the line which joins this point to the point 
which describes the line OX, shall have constantly 
B, x~" the same direction as OY; we will represent the 

length of this line by the function F (x). 

To find the velocity of the point which, comfbrmably to the conditions above laid doum 
describes the curve OBC. 

The equation of this curve may be written thus , 

P=a?a + F(a?)p, 

« being the unit of the direction X ; p that of the direction O Y . 
Therefore 

Ap Aaj F(ir-*-Aa?) — F(x) Aa ^ 
A^ M Ao? ^t 







dp dx dF(x) dx ^ 
dt dl dx dl ^' 



This equation shows that the course travelled over on the line X bemg OB,, if we 
describe the line BM equal to the velocity at the point B,, and the line BN which has 

the direction Y and the length — r^ • -^^ . we shall have the velocity at the point 



dx dt 
B=BM + BN=BL. 



To find the absolute value of this velocity ^ we have only to multiply it by ^ 
the product will be the square of its absolute value x i (Art. 64). 

Suppose that OY being perpendicular to OX we have 
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And F(>^)=« . tan e— ^ ^^ ^^ »•. 

^ ^ 2 V J cos* 

Yhen the equatibn of the Curve will be, 

pSStfi-f-rcB tan ^ tz—J^ — r-r* • JD*)i\ 

OX being the principal directionv 
tliese ecjuations ^ire, 

tod J- == t)^ cos 6^ 

Consequently, 

T-^=:t>^oosO.<+(t?^8in« — g . I); 

id the velocity at the end of the time )• 

To have the absolute value Of this velocity, let us multiply it by 

dp' 

;i^ = v^ cos . i—(v^ sin O-^y t)j\ 



di 
we shall find 



It di ^ \dt)'^ 



=t|«Joos* 0-f (t;^sin6 — gt)^\ i 
= jvj— 2v^sine, j«+ j«i«j ♦. 

tt ii unnecessary to observe that an example of this nature is given for illustration merely. 
f.,^ 94. Let us suppose that a curve is represented by 

And that s being the laigth of this curve mesaured from some fixed 
point is t=f («); 

then p=Sfle/'((p(«)) or p=s«P(«). 

The last equation gives 

&p:!£p,— fiS=S«P(<«t-A«)— S«F(«)=PQ, 
OP being p,, OQ p,. 
Thus 

8 
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' ' ds ds ds 

must be a linear unit in the direction of the tangent at the extronity P of p, , for evi- 



At the proximate point, denoted by s-^^s this linear unit tangent 

da ds 

Bat F(«+Aa) is by Taylor's theorm equal to 

^(^.i^iM u^^jm ^^ 

^^ ds d«" 1 ^2 

d» d» d»* ds* i . 2 

_ d<i>(<) d« * («) ^ d'OCOCA*)^ 

•~ d« ■*" d«« "^ d«« 4.2"^ 



• i^vijinvs: 



Now if we designate the conjvigate of 2«— -i-i by lot'— i^ ar — ^ — ^, and if we mul- 
tiply this equation by its conjugate, we shall have 



ds ds 



_ d^{s) d^'js) d^^js) ^ d^(s) 
ds ds ds* ' ds 



ds ds* ds* ds* 



But we know that 



—^^-3 — ^ • ^ > — ^=t or 1 , 
ds ds 



and ,^ ■ • .^^ = t or 1 (Art. 64) ; 



d< d« 



hence 



d«*(4r) d^(s) ^ di^s d*^(s) ^ ^ 

ds* ds ds ds* 



by dividing this on A^ and afterwards by making A«r=:0 we shall find 

d*^(s) d^'(s) d»(^) d*^'(s) _Q 
ds* * ds ds * ds* 
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Hence , ^^ or 2« , ^^< is a line in the osculating plane of the curve, and perpendi- 



cular to the tangent ■ .^ ■ or 2 « ,^ ^ • 



(l»(0 



95. If A is the angle between the successive tangents --j—- and 



and if ^|i^ is represented by PP., ^^'^^'^ by QQ,; and lastly if QP,= PP,, 




we shall have- 






Besides QQ, =: QP„ = 1 ; the angle Q,QP,, being extremely small 
we can suppose P^Q ,=:A0; if C is the centre of curvature at 
P, P Q or A I being very small we can consider the triangles 
Q,QP-r» QCP similar. Hence 



^=.. = n{^. 



A« 



d« » («) (A«)» 



• • • • • 



or 



Therefore 






) 



^ 



A9_ dtt _yt <<'»(«) 



} 



but as the triangles Q, Q P, , Q C P at the limit become similar 

* A»~"R* 



R being radius C P of absolute curvature at the point P. 
Hence ^-d7^=R 



or 



R = 



1 



N 



d* * («) • 



so 



that the number of . :'' ■ is the reciprocal of the radius of absolute curvature at the 

as* 



point P, to which point t is corresp<mding. 
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d* ^ (s) 
96. We have seen that the line ■ , ^ > is perpendicular to the tangent, and that it 

d^ ^ (s) 
is in the osculating plane, thus • ^ ^ must be on the same line as R. Then 

Besides 

d«»(») _ da« 

ds« 

OQDsequenfly 

d* * («) 



d«» 

97. Thus, if 0P=:0(«) is the line from the origin to any point P of the carve, 
and if C is the centre ot curvature at P, we have PC=R, and OG = OP + PC 

d* » (s) 

ds* 
=:*(«Vi .- . . v ' is the equati(Mi of the locus of the centre of the curvature. 

d»* 

98. Hence also 11 is perpendicular to the osculating plane; and the 

d*{t) d**(») 

ds ds* 
unit of this line may be represented by 

n 



ds ds* 



ih&a 



XT d s ds* 



ds 

Nn 



ds^ ds ds* ' 

is the tortuosity of the given curve, or the rate of rotation of its osculating plane per imit 
of length. (Tait. Art. 283). 



99. Ex. 1. Let 



#1 



where I is an indeterminate nimiber, and «, p given lines. The curve which this equation 
represents is evidently a parabola. See Tait. Art. 288. 
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Here '/s==^^^^^)t.' 

dM* ^ ^^ 'd»* ^^d») ' 
whence, if we assume ap'+p«'=:0. 



or 



dt\^ 



and 






and 



hence 





\dV 


~a«'+pp'««' 






dt 
da~ 


=(««'+pp'«t)"i. 




d*t 


nt 


d( 


pr* 


d»* 


(aa' + pp-t")* d* («« 


'+pp'««)«' 


d«P 


=-(«+M) 


''P'' IP 


• 


d««" 


•(««'+pp't«)« ' P< 


»«'+pp'«» 




_P. 


.««'—». pp'« 






(««'+pp't«)« ' 




N« 


d« p p« «« 


+ ««p«<« «• 




d««~ («• 


+ P«<«)* "(«• + 


p« (•)» * 




R = 


(«• + p« <«)i 





».p 



Therefore, for the locus of the centre of curvature 

t« (««+p«««)(p.««— ap«0 

.=oc=«t-HP^^ ^- - ^; p- — =-^ 

— P\ 2 PP'-' a«' * ' 

which is the linear equation of the evotute. 

100. Ex. 2. To find the curye whose curvature and tortuosity are both constant. 
Tait. Art. 284. 

We have curvature =^—t-^=c 

and tortuosity = ^ ]][ =c 

d«L ds ds* J 



1 > 



— e2— 



NH=' ""» NH 



d 
d*f 



d/df d*f\ 
dtUs ds*/ 



H«"» Ny n =n 



d«"d«« d«^^d«« d«* 

=n =<'«. 

dp d*p 
dtd** 



where « is a unit line perpendicular to the osculating plane, that is «=li 



dpj,d*f 
dt^dt* 



This gives 

d_/dp o*p \ 
IntegratiDg we get 

n =«. 3I ->• f. (0 

dp d*p 

where p is a constant line. From this, 

dp g., ^ dp' 



and 



0=2c,< + p4^-h^P'; 



ds ds 
then p«=c« + ei«. 



And also 



n =n =n =n ; 

d^AA _ d8\ ^ ds / ^dsds ds ds 



dpd^p 
d« d«* 

bat n =-^', 

dp d^p 
ds ds^ 






d»« 11 ' 

di^ 
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or by integrating ^^ — JJ +», 

* PP 

where » is a constant line. Eliminating j^ , we get 



^=- n =n -n. 



pp pp 

But 11 =pP sin A . •, from this 11 =:pp' sin . c, 

pp "" n p 

pp 

where O is the angle between p, p transferred to the same origin ; and • is a unit line 
perpendicular to p and being on the plane passing through p. p. Evidently 

^ cos • „ , i .- 

• = — ! — iUp 7—t Up. 

Bm« sm» ^ 

We have ^pr+pi£.r=_.2c,», 

at d$ * 

or by integration 

fy+pp'zs— 2c, «»+2a»=2pP cos • . », 

where 2a is a constant number; hence 

003 6=: L.H — -• 

PP PP 

n p — tt tt 

pp 

=i— c,»p+ap— p«p; 
^P=:-c.iP+aP-P_V-np. 

or ;t-J-'-P*P=— «i»P-*-«P— n . 

The complete integral of this equation is 

P=5cos.p»+nsin.p»— rj(cj«p— dp+n ) , («) 

( and n being any two constant lines. 
From this we have 

pp'+pp'=(p?'+5p')cos.J« + (pVi + upr)8in.J»— 2cj»»+2ai 

or (pr+?p')cos.p»+(pVi+7ip')sin.p«=0, 

which requires that 
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also we have 

g^=— Spain . p»+nPcos . M— ^, 

and jj=— 5'|sin.M+^|cos.M--^, 

therefore, remembering that N (j^ • -j^ j =1 , 

i =1*1* 8in« . £«+2}«|" cos* . P«— (^P+H)?" sin . P« cos . P«+|i- 
This req aires, of coiirse, 

so that (a) becomes the general equation of a helix traced on a right cylinder< 



APPENDIX. 

Ooltiplex QioLantlties and. Quatemionsi 

We can add a linear eqtuiUty with a numerical one. For example, let 

n:=^a'i'b; 
We can write, 

or «-f-n = a + 6 + 8 + T» 

and «H-n=:a + 84-6+Y» 

Such an equality will always be correct with the conditions 

« = YH-^ 

n^iza-^^b. 

We c£Ui multiply a linear equality by a numerical equality or viu verea^ For example^ 

let «=iY-*-^ 

we can write> 

n« = (4 + 6)(r4-J) 

or n« = (Y + B)(a-«-i); 
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tod in effecting tlid multiplication 

it is evident that this result is correct. 

We can also multiply two complex equations by each other. For example, q and t* 
being two complex quantities, let 

7=« + n = n-hY"4-5f 

We can write, 

q . rrr(«-f-n)(PH-m)r=(n + Y-*-^) (tH + p-4-a)) 

or tLP'hnf^'i'moi'^nm 

4-np + YP + ^p (<t) 

H-nw + Yw + Bw; 

it is rdadily seen that this result is correct With the conditions, 

a=±YH-8, 

which are the samd conditions as those of the equalities given. 

The equahty (a) is the sum of th^se three equalities* 

Htn = nm , 

m« + nP = mY+^^ + wp + nci>| 

ap = YP"*"Y** + ^P"+"^** > 

and as front the last of these three equalities, we can deduce two others (Art. 78) wd 
can deduce from the equality (a) four equalities, 

I. TiTn = 71 m 

II . C (ji|j|-p£) =: c (yp' + PY') 4- c (j«H-»Y^ + c (V + pO + c ( Sa> + <oy) > 

IIL nP + m« = mY+m8-t-np + nw, 



IV. 



Ap YP Y^ ^P ^^ 



In the second equality we have introduced the numerical fitctor c^ for tonvmience. 

9 
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If we add these four equalities, we shall have a new complex equality. Let us de- 
signate the new complex quantity thus found, by qrsVy that is to say 

qf/^r=nm^^^c («y■^P«' )■4-m<x-^np-^ JLL , (1) 

«p 

or 

qr\rz=znm-hc (yp' + PY* ) -h c (y^^+^Y' ) + c ( S p' -H p S' ) -h c ( Sw-i-o)^) (2) 



my-MnS + iip-hn 



Q> 



*n+n H-n n-n 

Yp Y(i> Sp ^(o 

If we designate rn- a by 9, we will designate n — a by JC^; n being a number, and 
a a line. 

Let 

ir^:=:n — a, Krzzim — p; 

we shall have by multiplication 

q . Kq=:n^ — <i^ and r.irr = m« — p«. 

Therefore 

consequently, 

or 

(7r^ir7)/^(rr^irr) = n«m« — 2cn«^«— 2cm«_««+4c«a«P«. (3) 

Let us take again the proposed equalities, 

qf=:n + a, r = m-l-P, 

by multiplication, 

7r = nm**-ma + np-4-ap; 

from this equation we can deduce, 

. y in>r = nm + c (g p'-h Pa') -f- ma 4- n 6 H-XI t 

and 

Aj(qr/^r) = nm-**c(ap' + p*') — m« — np — H ; (4) 

«p 

consequently, remembering that, (ap'4-Pa') is a number, 
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(/}r>r) X Kiq/^r)z=n* m«+2cnm (<xP'-HPa') —m' «■ — n«p« 

-nm?cc-„„».p_„»ocnP-n*np 

+c« (ap-hp«') «— npii — m« n —11 n ; 

ftp ap a^ «p 

Therefore ((jr^r)r\K (7/^r) z=n*m* + 2cnm( a y -4- p a ' ) — 2 c m« a« 

— 2cn«p« — 2cnm (pa' + «y ) 

4-c« ( gyH-Pap — 2c N"* n 
= n«r7i«— 2cm«a«— 2(rn«p« 

4-C«(a£+pa;)«— 2cN^ H . (5) 

«P 
In subtracting from this equation (5), equation (3) we shall have 

ap 

In comparing the second side of this equation (6) with the second side of the equation 

cc«p« = J(«p'H-pa')«4-N n (Art. 78) we perceive that, taking c=— i, we have 
ap 

C« (ar-<-pa )>— 2cN^ ri — ^IC«a«P«=0. 

»P 

Consequently, with the condition c= — J, 

(qr\r)r\K((]r^r) — (qr\K q)r\{rr\K r) = Or (qr\r)r\K (qr\r) = (qr\K q)rs(rr\K 7^). (7) 

Were the time and inclination to pursue this investigation which is extremely fruitful 
in curious results, at command, it would be seen that there are other advantages in the 
supposition c= — J. 

Example. 
Lot qz=iw^ -f-ot z= to, +a5i i + I/ii-H^i ft, 

and Kqzzzw^ — «= w^ — x^i — j/,j — ar, fc, 

Krzzzw^ — p = tv^ — Xjj i — y^j — z^ k. 
"With the condition c = — J , 



• 



— as— 

besides — 4(*P'+P*')=— («»»t-'-yi!/«+«i*t). 

II =(*!»$— yi«t)»+(»i»t—*»*t);+(yi««—»iyt)*; 

consequently, 

9r\r = to, to, — (ajj «,+!/, y, + «,*,)+«>, (as, »' + ?/;,+«,*) 

+ («,aj,+t»,«,+«,y,— yj«a)» 

H-(w, y, -I- w, y, +«,*,—«, «,)/ 

+ (m), «, +W, ar, H-y ,»,—«, y, ) &. 

Thus we can readily find, that, 

(tof + »;+y;+«})(«>5+a;J + y3+ar5) 

= («), «j, — », », — y , y, — «, «, )» + («J, (B, +10, », +«, y, — y, a, )« 

+ (t», y, + w, y, +», ar, — *,«,)•-«- (ttJ, «, + w, «, + y, », —a?, y, )« , 

a formula of numerical algebra due to Euler. (Tait, Art. 103). 
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